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Manipulating the Hamiltonians governing physical systems has found a broad range of applications,
from quantum chemistry to semiconductor design. In this work, we provide a new way of manipulating
Hamiltonians, by transforming their eigenvalues while keeping their eigenvectors fixed. If a classical
description of the initial Hamiltonian is known, then one can—in principle—diagonalize it and
compute the Hamiltonian transformation on a classical computer. However, this comes with a
significant computational cost, and a classical description of the initial Hamiltonian is not always
available, in particular for complex systems. In this work, we develop a universal algorithm that
deterministically implements any desired (suitably differentiable) function on the eigenvalues of
any unknown Hamiltonian, whose dynamics is given as a black box. Our algorithm makes use of
correlated randomness to efficiently combine two subroutines—namely controlization and Fourier
series simulation—using a general compilation procedure developed in this work. We show that the
runtime of our algorithm is significantly reduced using our general compilation framework, compared
to a naive concatenation of the subroutines, and moreover outperforms similar methods based on the

quantum singular value transformation.

I. INTRODUCTION

The physical properties of any given system are determ-
ined by its Hamiltonian. As such, realizing a Hamiltonian
which exhibits properties that are desirable in a given
context is an important task in fields ranging from con-
densed matter physics and materials science to quantum
chemistry. For example, an important problem in materi-
als science is the discovery of new materials for specific
tasks [1, 2].

In many cases, the physical properties of interest de-
pend in particular on the eigenvalues or eigenstates of
a Hamiltonian. The eigenstates of a given Hamiltonian
can be easily transformed through a unitary evolution,
however, tuning the eigenvalues of a Hamiltonian while
keeping the eigenstates fixed is a much more difficult prob-
lem. The ability to transform Hamiltonian eigenvalues
in an efficient manner would open up a new way of ma-
nipulating the physical properties of a system, leading to
increased flexibility in the simulation, control, and design
of quantum systems.

In this work, we propose a quantum algorithm to trans-
form the eigenvalues of a Hamiltonian by any given (suit-
ably differentiable) function, while keeping the eigenstates
fixed. Our algorithm is universal in the sense that it does
not require knowledge of the Hamiltonian, whose dynam-
ics can be given as a black box. In the standard setting
of Hamiltonian simulation, a classical description of the
Hamiltonian to be transformed is known in advance [3-9];
as such, the task is to construct a circuit composed of a
minimal number of high-fidelity gates that implements
the desired Hamiltonian. However, in many cases of in-
terest, the Hamiltonian of the system is not available but
rather only its dynamics is accessible, especially for many-
body or complex systems. Our algorithm can be seen
as an alternative Hamiltonian simulation method which
is based on transformations of black-box dynamics [10].

Possible applications of our method include construct-
ing oracles for Grover’s algorithm [11], and we envisage
that further developments in this direction could find
applications more broadly in condensed matter physics,
chemistry, and material science, for example in tuning
energy gaps to enable precise transitions between energy
levels [12] and in the materials design of semiconductors

[13].

To achieve our universal Hamiltonian eigenvalue trans-
formation, we employ the framework of higher-order
quantum operations, a research area that has attracted
significant attention in recent years [14-24]. The adjective
“higher-order” here refers to the fact that such processes
take quantum dynamics as input, returning a transformed
quantum dynamics as output, e.g., by appropriately ap-
plying quantum operations before and after the dynamics
(see Fig. 1). We construct a method to achieve this by
first controlizing the black-box dynamics [16] and then
applying a novel algorithm for Fourier series simulation
on the controlled black-box dynamics, which implements
the desired function on the eigenvalues.

Our methodology shows how component subroutines
can be compiled to build complex and efficient algorithms
from simpler ones. Concatenating subroutines—as we
do with controlization and Fourier series simulation—
provides an instance of quantum functional program-
ming [21, 25, 26], which endows quantum algorithms with
a modular flexibility similar to their classical counter-
parts. Yet, whenever two subroutines relying on random
sampling are concatenated directly, the overall runtime
scales poorly due to the independence of the two sampling
distributions. To overcome this issue, we develop a general
compilation procedure for the concatenation of random-
ised algorithms, which makes use of correlated randomness
as a key resource to optimize the algorithm at a global
level. As such, our compilation technique goes beyond the
existing techniques of quantum functional programming,
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FIG. 1. Higher-order quantum transformation.—By appropriately
applying fixed quantum operations before and after the unknown
Hamiltonian dynamics, the physical properties of a system can be
transformed as desired.

leading to more efficient compiled algorithms. By introdu-
cing the notion of compilation to functional programming
in the context of quantum information processing, we
align it with classical software design principles that allow
code to be compiled and executed at various levels of
abstraction, opening the possibilities for computations to
be deployed across many different applications.

The reminder of the paper will be structured as follows.
First, we present a summary of our main results in Sec. II.
In Sec. III, we formalize the task of universal Hamilto-
nian eigenvalue transformation and the envisaged scenario.
The subsequent three sections each pertain to our key
results. In Sec. IV, we combine two subroutines, control-
ization and Fourier series simulation, to achieve said task.
Then, in Sec. V, we use the intuition gained in order to
construct a more efficient “compiled” algorithm. Finally,
in Sec. VI, we compare our new methods with a protocol
based upon the Quantum Singular Value Transforma-
tion (QSVT) [27, 28]. We finish with some concluding
discussions in Sec. VII.

II. SUMMARY OF MAIN RESULTS

The main results of our work are schematically depicted
in Fig. 2 and summarised as follows.

1. In Sec. IV, we develop an algorithm that performs
a universal Hamiltonian eigenvalue transformation
by concatenating two subroutines, namely control-
ization [16] and Fourier series simulation. The con-
trolization subroutine adds control to an unknown
Hamiltonian dynamics H; by approximating the
Fourier series of a desired function f, one can then
use this controlled dynamics to simulate the dy-
namics of the transformed Hamiltonian f(H). Both
subroutines are implemented efficiently using a ran-
domized Hamiltonian simulation technique.

2. In Sec. V, we present a method, hereby dubbed
“compilation”, which provides a framework for con-
structing a more efficient circuit of any quantum
algorithm constructed by concatenating subroutines
that make use of randomized Hamiltonian simula-
tion. We achieve this by employing the resource
of temporally correlated randomness in order to
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FIG. 2. Description of our work.—Tasks written in blue denote
our contributions. We first develop an “uncompiled” algorithm
for UHET by concatenating two subroutines, controlization and
Fourier series simulation. We then present a “compiled” version of
the UHET algorithm, which improves upon the efficiency.

optimize the overall task at hand rather than the in-
dividual modules as per the “uncompiled” algorithm.
In our case of UHET, we show that this leads to a
more efficient algorithm.

3. In Sec. VI, we compare the performance of our
two new algorithms for transforming eigenvalues
of an unknown Hamiltonian with a method based
upon the Quantum Singular Value Transformation
(QSVT). We show that our compiled algorithm has
a better runtime than the QSVT-based algorithm,
which in turn outperforms our uncompiled algorithm
in this regard.

We begin by formalizing the task and our envisaged
framework.

III. TASK: UNIVERSAL HAMILTONIAN
EIGENVALUE TRANSFORMATION (UHET)

The goal of universal Hamiltonian eigenvalue transform-
ation (UHET) is to simulate the dynamics of a desired
function of an unknown input Hamiltonian H. Here, the
term “simulate” refers to implementing the corresponding
Hamiltonian dynamics for an arbitrary evolution time
up to an acceptable approximation error. More precisely,
given a function f : [-1,1] — R, time ¢ > 0, and precision
€ > 0, a universal Hamiltonian eigenvalue transformation
uses an unknown input dynamics e**#7 (7 > 0) to ap-
proximate a desired transformed dynamics e~/ (Ho)t yp
to precision € and for all ¢.

Here, H is associated to an n-qubit Hilbert space H
and Hy := H — (tr(H)/2™)I is its traceless part, which
we assume to be upper bounded ||Hyllop < 1. Note that
taking only the traceless part of the Hamiltonian leads to
no loss of generality, since for H; = Ho+al where Hy, Hy
are Hamiltonians and o € R, e~#1t = g—iate=iH2t thyg
the dynamics corresponding to H; and H, are equivalent
(up to a global phase). Furthermore, as long as an upper
bound Apg of the difference between the maximum and
the minimum energy eigenvalues of the Hamiltonian is
known, then one can always rescale the Hamiltonian as
H — H/Ap and change the definition of the function f
as f — fmg such that fy(z) := f(Agzx), justifying the
assumption ||Hollop < 1. We note that f(Hp) is defined in



the usual way, i.e., by applying f to the spectrum of Hy.
Lastly, we assume access to both the positive and negative
time dynamics; if only the positive time dynamics is
accessible, then the negative time one can be constructed
with a small overhead using the algorithm in [10]. In
fact, the negative time dynamics can be simulated using
a special case of the algorithm in [10] which does not
require the use of an auxiliary system.

As mentioned previously, transforming Hamiltonians
has applications ranging from condensed matter physics
to quantum information processing. In many situations
considered, at least a classical description of the initial
seed Hamiltonian is known, e.g., in algorithms based upon
QSVT. However, from a physics perspective, this scenario
is not always the case; for instance, one may have access
to a time-evolving many-body system without knowing
any description of the dynamics a priori. Our setting of
universal Hamiltonian transformations allows such scen-
arios: the classical description of the input Hamiltonian
H can be completely unknown, as long as its (positive
and negative time) dynamics e**#7 is accessible.

Throughout the remainder of this article, we will
present various methods to achieve UHET. At their core,
all such methods make use of classical randomness to sim-
ulate the desired dynamics by sampling many rounds of
evolution; being approximate, one must therefore take the
iteration number N sufficiently large to ensure a desired
accuracy € > 0. To quantify said error in any such scheme,
we make use of the following distance measures. First,
note that simulating any Hamiltonian dynamics for a
specified amount of time (ideally) leads to a unitary oper-
ation. Thus, we consider the situation where one attempts
to simulate such a unitary operation U : L(H) — L(H) by
a random protocol ) j p;F; where the index j is chosen
with a probability p; and F; : L(H) — L(H) is the cor-
responding quantum operation. If the input state to said
dynamics is not fixed (i.e., remains arbitrary), then we use
the following error measure for the quantum operation:

sup  [[U @ Iy ([9) (
dim(#H’)
[pyEHRH'
1) 11=1

Zpyf ® Ty (|9) (D)l

(1)

Here, 7 represents the identity channel, H' is an auxiliary
Hilbert space of arbitrary dimension and || - ||; denotes
the 1-norm. If, on the other hand, the input state is
specified to be some known |¢)) € H, then the accuracy of
any protocol can be determined by comparing the post-
transformation state with the ideal case, and hence we
use the following error measure for quantum states:

)= 2T

When the average state >, p;F;(|¢) (¢]) approximates
the target state U(|¢) (¢|) [in terms of Eq. (2)] with
an error that is upper bounded by a fixed constant e

124 (1) ( ) @Dl (2)

for any input state |1}, then the mean square of the
approximation is upper bounded by 2¢ for any input, i.e.,

mew (WD) = F(l¥) (DI < 2¢ (3)

(see App. B 1 for technical details).

IV. UNCOMPILED UHET ALGORITHM

We now move to present our first algorithm that per-
forms the task of UHET. This algorithm is based upon
a random protocol for simulating Hamiltonian dynamics.
Our method can be seen as an extension of a Hamilto-
nian simulation technique called gDRIFT [5] to the case
where the Hamiltonian is unknown. Using this technique
as a basis, we concatenate two subroutines, namely con-
trolization and Fourier series simulation, to develop our
overall UHET algorithm. Finally, we present a resource
and runtime analysis of the protocol. Additional technical
details are provided throughout App. C.

A. Efficient Hamiltonian Simulation (qDRIFT)

Suppose one has access to a set of Hamiltonian dynam-
ics, i.e., the ability to perform e=*#i7™ (7 > 0) for a set of
Hamiltonians {H;}. Assuming w.l.o.g. that the Hamilto-
nians are normalized || Hj|op = 1, any dynamics of the
form e~ #3225 ha Hi)t (t > 0) for a set of positive coefficients
hj > 0 can be approximated by the following protocol
(see Fig. 3):

1. Define X := ", hj and the probability distribution
pj := hj/A, from which an index j is randomly
sampled.

2. Apply the dynamics e *itA/N

3. Repeat steps (1)—(2) N times.

This method is based on the Hamiltonian simulation
technique qDRIFT [5], which makes use of the Trotter-
Suzuki decomposition [4] of e™ 1325 P 46 approximate
e/ Pifi)ot fo1 o small time interval 6t := tA/N up to
the first order of dt via a probabilistic mixture of dynamics
e~ 3% with probability p;. In order to suppress the
approximation error below ¢, taking the iteration number

N(\ t,e) := ceil[max(10\?t? /e, 5\t /2)] (4)

is sufficient (see App. C1).

We now describe the two subroutines that leverage this
gDRIFT primitive for unknown Hamiltonians, namely
controlization [16] and Fourier series simulation, to per-
form UHET upon their concatenation. We refer to such a
straightforward concatenation as uncompiled, in contrast
to a later algorithm which we dub compiled that optimizes
UHET globally (see Sec. V).
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FIG. 3. ¢DRIFT primitive.—Circuit representation of the gDRIFT
protocol for approximating e i, ki H)t by randomly implement-
ing e~ "7 with probability p; for each j for a number N times.

B. Controlization

Controlization is a method that adds control to an
unknown Hamiltonian dynamics [16]. It takes a finite
number of queries to the dynamics e "7 as a resource
and outputs a random unitary operator approximating
ctrl(eot) € L(H.®@H), where Hy represents the trace-
less part of H, H,. is the Hilbert space associated to the
control qubit, and ctrl(e™ o) :=|0) (0| @ I + [1) (1| ®
e~ ot represents controlled-e~*0f, Our following un-
compiled algorithm for UHET first makes use of a vari-
ant of controlization which simulates ctrlg(e™tHot) :=
|0) (0] ® e~*ot +|1) (1| ® T by reversing the roles of |0)
and |1) of the control qubit, as presented in Subroutine 1
and the circuit in Fig. 4.

Subroutine 1 Controlization
Input:

e A finite number of queries to a black-box Hamiltonian
dynamics e ""F7 of a seed Hamiltonian H normalized
as ||Hollop < 1, where Hj is the traceless part of H,
ie., Ho:=H — (1/2")tr(H)I, with 7 > 0

o Allowed error € > 0
e Timet >0

Output: A random unitary operator approximating

e—tHot ) iHot
( 0 I):Ctrlo(e "YeLHwH)  (5)

with an error according to Eq. (1) upper bounded by e

Runtime: ©(t*n/¢)

Used Resources:
System: n-qubit system H and one auxiliary qubit H.
Gates: e "™ and Clifford gates on He @ H

Procedure:
Pre-processing:
1: Compute N := N(1,¢,€) using N(\, ¢, €) from Eq. (4)
Main Process:
: Initialize Ucurrent < 1
:form=1,...,N do
Randomly choose ¢ € {0,1,2,3}"
Ucurrent + ctrl(og)(I ® e *H/N)ctrl(oy)
: end for

2
3
4:
5:
6
7: Return Ucyrrent

Intuitively, controlization makes use of a randomized
algorithm to approximately implement a unitary dynam-
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FIG. 4. Controlization circuit.—By randomly applying controlled
Pauli gates ctrl(oy) before and after portions of unknown Hamilto-
nian dynamics e~ #7t/N 4 sufficient number of times, said dynamics
can be controllized, i.e., simulate ctrlo(e™*Ho?).

ics (in a similar manner to the gDRIFT procedure) to
simulate the Hamiltonian

> w(6a)(Ta)Ga)

7€{0,1,2,3}

- (HO 0) TRCOY (6)

0 0 on

Son) € {0,1,2,3}" and oz =
Equation (6) follows from the iden-

trz(f) I. Each term ctrl(oz)(I ®

tity 4—1,1 YozosHog =
H)ctrl(oz) in the sum on the Lh.s. of Eq. (6) can
be implemented by applying the dynamics e *7 in
between the gate ctrl(oz), which follows from the iden-
tity Ue—HtUT = ¢={(UHUD! for 4 general Hamiltonian
H and unitary U. When exponentiated, the r.h.s. of Eq.
(6) yields the desired controlled Hamiltonian dynamics
(up to a global phase contribution from the second term,
which is irrelevant).

The runtime ©(t?n/¢) follows from the fact that N :=
N(1,t,¢€)is ©(t? /¢) and that implementing ctrl(oy) takes
©(n) time.

where ¥ := (vq,..
JUI ®...®0‘UTL'

C. Fourier Series Simulation

We now move to describe the second subroutine that
comprises our uncompiled UHET algorithm, namely Four-
ter series simulation. This algorithm serves to transform
eigenvalues of an unknown Hamiltonian using the theory
of Fourier series at its core. A Fourier expansion of a
function f:[—1,1] — R is given by Y ;o cxe'™* for
ek = (1/2) f_ll dx f(z)e~ "k which converges to f(z) for

a wide range of functions (see, e.g., [29]). The procedure

3 i (Hot )

{pr, k}

ezkw(H(H»I)/Z

FIG. 5.

Fourier series simulation circuit.—By randomly ap-
plying ctrlg(e*®*7(Ho+I)/2) pefore and after the dynamics
e~ i(cos ¢ X —sin ¢ Y)Bt/N the circuit simulates the Fourier series of
the desired transformation function f[(Ho + I)/2] = f(Ho).



of Fourier series simulation is described in Subroutine 2,
with a circuit representation presented in Fig. 5.

Subroutine 2 Fourier Series Simulation
Input:

e A finite number of queries to ctrly(e®o7) ¢
L(He® H) (1 > 0) where Hy € L(H) is a trace-
less Hamiltonian normalized as ||Ho|lop < 1
e A class C® (3 times continuously differentiable) func-
tion f : [—1,1] — R, such that @ is piecewise C?
(see App. A1)
e Input state [¢) € H
o Allowed error € > 0
e Timet >0
Output: A state approximating e/ (H0t |4} (¢ > 0)
with an error according to Eq. (2) upper bounded by

€, and mean squared error according to Eq. (3) upper
bounded by 2e

Runtime: ©(Cs, ;t*/¢) for an f-dependent constant C, s
which is independent of n, ¢, and €
Used Resources:
System: n-qubit system H and one auxiliary qubit H.
Gates: ctrl(eT7) and single-qubit gates on H.

Procedure:

Pre-processing: ~

1: Define modified version f of f as in Eq. (7)

2: Compute Fourier coefficients ¢, := (1/2) fil dze™ 7 f(z)
for k € {—K,—K +1,..., K} where the cutoff number K
satisfies

K
r3 ~ _ikmax €

- — Y -1,1
fx) 2 cie <4t me[ 7]

3: Compute N := N(8,t,¢/2) using N(A,t,¢) from Eq. (4),
for B:= 320k |Gkl

Main Process:

4: Initialize |current) < [+) ® |1)

5 form=1,...,N do

6: Randomly choose k € {—K, ..., K} with probability
pr = |Ck|/B

7 Define @ := ctrlp(e *™0/2) and R =
ctrly (eik”HO/z)
s |Current> P (eikTrZ/4 ® I)R(e—i[cosqka—sinqSkY]ﬁt/N ®

NQ(e~*"2/4 @ I) |current) for ¢y defined by &, = |é|e’®*
9: end for
10: Trace out H. of |current)
11: Return |current)

Fourier series simulation makes use of a controlled dy-
namics ctrlo(e*07) (7 > 0) (which can be constructed
using Subroutine 1) to implement the target Hamiltonian
dynamics e~/ (Ho)t (¢ > 0). First, the desired function f
is deformed to a periodically smooth function f as

Fa) = {gfm v € [-1,0]
x € [0,1]

fe—1) S

fix) =x
f(x)

-1 1 -1 0 1
x X
(a) f(z) == (b) f corresponding to f

FIG. 6. Comparison between the function f and its corresponding
f .—The function f is defined by merging f (blue) and an additional
function gs (red, see App. C2). Defined appropriately, f has a
faster convergence of the absolute value of its Fourier coefficients
|€k| than f.

with gy defined in App. C2. Due to its periodic smooth-
ness, the absolute value of the Fourier coefficients of f
converges rapidly to 0, which avoids rapid growth of the
cutoff number K in terms of the error e.

We then compute the Fourier coefficients ¢ :=
(1/2) f_ll dze=*me f(z) for k € {-K,~K +1,...,K},
where the cutoff number K satisfies

K
r ~ _ikmx €
f(z) - E cre < yr

k=—K

Veel[-1,1], (8

and the iteration number N := N(f,t,¢/2) (using Eq.
(4)) for B:= S0 |l

The remainder of Subroutine 2 simulates the Fourier-
transformed Hamiltonian of Hy, which can be understood
from the following analysis. The unitary applied in step
8, for a random k chosen with probability pp = |éx|/5,
can be written as a Hamiltonian evolution given by

. ikmHo/2 ) .
(eszrZ/4 ® I) ( e 0 0 (I)) (e—z(cos¢kX—sm¢kY)ﬁt/N ® I)

—ikmHo /2 ,
( e . (I) ) (e~*72/4 g )

. 0 ei®k pikm (Ho+1)/2
= OXP |\ T\ —igk g—ikm(Ho+1)/2 0 Bi/N

9)

As such, steps 5 to 9 of Subroutine 2 correspond to
simulating e *7'* for the following Hamiltonian H’

K . .
H' = Z |5 | . _0 etk pikm(Ho+1)/2
: 0 k e*1¢k671k7(H0+I)/2 0
S 0 ik pikm(Ho+1)/2
= k; |Ck e~k g—ikm(Ho+1)/2 0

0 f(Ho
:(f(HO) (0 )>:X®f(HO)’ (10)



which follows from the fact that

oo
E |6k|ei¢keik‘n’(Ho+1)/2

k=—o0
S

= D0 e E IR B, (B

k=—0c0 m

=Y f(Bn+1)/2)|En) (En| = f(Ho), (1)

where Hj is diagonalized as Hy := ), Ep, |Ep) (Epl.
By taking the initial state as |[+) ® |[¢) in step 4 and
tracing out the H, subsystem in step 10, the dynamics
e~ #f(Ho)t s applied to the input state [1)).

We provide a full error analysis of Subroutine 2 in
App. C3. We evaluate its runtime as (Number of iter-
ations N)x(Average runtime of each iteration). Given
that N is ©(82t2/¢) and that each iteration on average
takes time ), p - O(|k|), we have that the runtime is

JESE -0k =

0 (( > |ek|> ( > |ak|k|> t) o).

k=—o0 k=—o0
(12)

where C r is a parameter that depends on f but is in-
dependent of n,t,e. Note that the sum >_;- _ |cx||k| is
guaranteed to converge due to the periodic smoothness
of f (see App. C4 for details).

x N(F)

3 e if(Hot [1)
{pk, k}

(a) Outer layer: Fourier series simulation (Subroutine 2)

4 e—ilcos o1 X —sin ¢ Y]t/N P F

Subl(k) Subl(k)f

><N,50>

Subl(k)| =

{1/4", 7}

e—ikm(Ho+1)/2

(b) Inner layer: The procedure inside square brackets corresponds
to controlization (Subroutine 1).

FIG. 7. Circuit representation of Algorithm 3.—The uncompiled
UHET algorithm comprises an “outer” layer (a) that implements the
Fourier series simulation Subroutine 2 upon the output of the “inner”
layer (b), which itself controlizes the seed Hamiltonian dynamics
via Subroutine 1.

D. Uncompiled UHET Algorithm

We now present the uncompiled UHET Algorithm 3,
which results from concatenating the previous two sub-
routines and is depicted in Fig. 7. We first construct
ctrlg(etm(HotD/2) from the input dynamics e**7 via
controlization and then perform the Fourier series simu-
lation to simulate the desired dynamics e~/ (Ho)t Thus,
Algorithm 3 is a direct concatenation of Subroutines 1
and 2, and we therefore dub it uncompiled.

Algorithm 3 Universal Hamiltonian eigenvalue trans-
formation (uncompiled)

Input:
¢ A finite number of queries to a black-box Hamiltonian
dynamics et"7 of a seed Hamiltonian H normalized
as ||Hollop < 1 where Hp is the traceless part of H,
ie., Ho:=H — (1/2™)tr(H)I, with 7 > 0
e A class C® (3 times continuously differentiable) func-
tion f:[—1,1] — R, such that @ is piecewise C?
(see App. A1)
e Input state |¢) € H
e Allowed error € > 0
e Timet >0
Output: A state approximating e~/ (Ho)t [¢) (t > 0)
with an error according to Eq. (2) upper bounded by e;

additionally, the mean squared error according to Eq. (3)
is upper bounded by 2¢)

Runtime:
Pre-processing (only once): T3
Main Process: ©(Cs st*n/e®) for an f-dependent con-
stant Cs, s which is independent of n, ¢, and €
Used Resources:
System: n-qubit system H and one auxiliary qubit H.
Gates: e single qubit gate on H., and Clifford
gates on H. @ H

Procedure:

Pre-processing:

1: Run Pre-processing of Subroutine 2 for allowed error €/2
to obtain iteration number N := N(8,t,e/4), cutoff
number K and Fourier coefficients ¢

Main Process:

2: Run Main Process of Subroutine 2 with N iterations
using K and &, obtained before, with step 7 modified to:

3:  Run Pre-processing of Subroutine 1 for allowed er-
ror ¢/4NY) to obtain iteration number N,EC) =
N(1,kn/2,e/ANT))

4:  Run Main Process of Subroutine 1 with N, ,EC> iterations
and time k7 /2 for H to obtain unitary Q’

5:  Run Main Process of Subroutine 1 with N ,gm iterations
and time k7 /2 for —H to obtain unitary R’

6: Define Q:=Q and R:= R’

As a consequence of its concatenated structure, two
layers of iterations are used in Algorithm 3: N,EC) for
the controlization part and N) for the Fourier series



simulation. We choose these numbers such that the total
error of each subroutine is bounded from above by €/2
(so that overall error is upper bounded by €). We begin
by fixing the allowed error of the Fourier series simulation
to be €/2. Then, fixing that for controlization to be
e/(ANU)) it follows that iterating the outer layer of the
procedure (see Fig. 7a) N(*) times implies that the error
due to controlization is upper bounded by [e/(4N )] -
2N = ¢/2.

We now analyze the runtime of Algorithm 3. We split
this cost into two parts. First, there is the pre-processing
step, which refers to the processes that only need to be run
once for a given set of inputs. In our case, this corresponds
to the time required to compute the Fourier coefficients
¢, and cutoff number K until Eq. (8) is satisfied, plus
the time for computing N¥). We define the sum of these
two times as T5. The main process takes NF) x (average
runtime of each iteration), the latter of which in turn
depends upon N,EC).

The iteration number N) = N(f,t,¢/4) scales as
O[> lék])?t?/€] (note that > 7o |k| is an upper
bound of § which is independent of €). Furthermore, the
average runtime of each iteration is ZkK:_ ¢ i X (runtime
of circuit inside Fig. 7a for each k), which scales as

K K 2,212
t“k°n
> mOmN) = 3 mo <ﬂ>

k=—K k=—K

() (£4)2)

The inequality is obtained by replacing K with co in order
to remove the € dependence. Taking the product of the
scaling of the two iteration layers, the overall runtime
scaling of the main process of Algorithm 3 is bounded
from above by

o o) } 3 oo ) ) t47’l
k:z—oo || k;w [exlk™ | —5

V. COMPILED UHET ALGORITHM

We now move to introduce a more efficient algorithm
that implements UHET. At its core, this algorithm is
inspired by the components that make up Algorithm 3,
but rather than optimizing the subroutines independently,
here we compile the algorithm at the level of the overall
task by making use of correlated classical randomness to
provide a more efficient implementation. We begin by
describing a general framework of this novel notion of com-
pilation, which can be used in many situations in which
random Hamiltonian simulation subroutines are concaten-
ated to perform a particular task. We subsequently apply
this technique specifically to the task of UHET, compiling
Algorithm 3 in order to construct the better Algorithm

tin

x N

{ e—imﬁt/N }

Uk: U, ]:[

{pk, k}

(a) Outer layer: The inner layer is called in
each round of the outer layer simulation.

x M

Ue| = |G| ]| Vis Vil 6P
| - — # efiH,uk.,/]W F -
k) .
", 5}

(b) Inner layer: This circuit simulates Uy defined in Eq. (14) by
random Hamiltonian simulation.

FIG. 8. Circuit representation of a general algorithm involving
two layers of Hamiltonian simulation.—Our method of compilation
can be applied to any general two-layer protocol in which each
subroutine uses the method of random Hamiltonian simulation.

4. Finally, we provide a resource analysis. Details are
provided throughout App. D.

A. General Method of Compilation

We begin by abstracting the key structural compon-
ents of the uncompiled algorithm above. Notably, the
algorithm consists of two independent layers, namely those
depicted in Figs. 7a and 7b. These circuits are a special
case of the more general form depicted in Figs. 8a and 8b
respectively. The outer layer comprises portions of the in-
put dynamics sandwiched between a unitary Uy (H) that
depends on the input Hamiltonian H and is iterated some
N € Z~¢ times; for the sake of conciseness, we will simply
write Uy instead of explicitly writing Uy (H). Since

Bt = Bt g
Ule "N sy = - W UL (13)
this process corresponds to the simulation of the random-
ized dynamics e 2k peBULHRUI T this simulation, Uy
is itself approximated using the inner layer procedure de-
picted in Fig. 8b. Here, j is a random index (depending on
the choice of k) sampled from the probability distribution
{pgk)}j, ur € R, iteration number M € Zo (which also
depends on k, but we omit the subscript & for simplicity),
and Vj ;, G,(CL), and G,(CR) are unitaries such that

U, = G}(@R)eﬂ‘(zj pgk)ﬂkva’jHVk,j)GéL). (14)
Evidently, Algorithm 3 corresponds to the special case
where Hp = cos¢gpX — sing,Y, 8 = ZkK:_K |Ck],
pr = |&kl/B, Up = ctrlg(e *nHotD/2) Np = N,
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(a) Instead of taking the two layers independently, here we
correlate the outer (Fig. 8a) and inner layer (Fig. 8b) and
run the overall scheme N times.

VVks.h:M = G]EL ) Vk,jM VkiJ'M
| R | <‘ e—iHpuk/M »» ...
j ¥ i T R
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(b) The subroutine constructs the unitary Wy ; , from M uses of
the seed Hamiltonian dynamics.

FIG. 9. Intermediate stage of compilation.—By correlating the
layers, an additional error is introduced due to the finite iteration
of the previously inner layer. However, we next show how this
error can be compensated for by choosing Wy, ;, .. appropriately,
therefore constructing an efficient compiled algorithm.

j =7, w = kn/2, pék) = 1/4", Vi ; = ctrl(oy),
G = ek Z/t g [ and G =T @ I.

Having abstracted the key features of our previous
algorithm, we are now in a position to introduce the gen-
eral notion of compilation. The structure described above
evidently consists of two independent layers of random
Hamiltonian simulation; the method of compilation makes
use of correlated randomness in order to correlate said lay-
ers in such a way that the error accumulation is reduced.
In general, in order to reduce the approximation error
of this overall procedure below €, we must ensure that
both errors introduced due to the simulations depicted in
Figs. 8a and 8b are at most of O(¢). Subsequently, both
iteration numbers N and M must have a 1/e dependence,
which leads to an accumulation of 1/¢ dependence for
each round of concatenated subroutines.

We do this by first modifying the circuit in Fig. 8a to
an intermediate circuit in Fig. 9a, where Wy, ;, ., (H) =:
Wi 1.0 is written with its dependence on H implicit and
defined as in Fig. 9b; similarly, we compress the labels
: [ : (k) ._ (k) (k)

Jum = {j1,...,jm} and p;° = pi”...p; " for ease
of notation. Finally, an additional modification—which
depends upon the specific task at hand—can then be
applied to said intermediate circuit in order to compensate
for error accumulation, leading to the compiled algorithm,
as we will show for the case of UHET in the coming

section.

In the intermediate circuit, the random indices ji.ps
are correlated in such a way that the components before
and after the dynamics e *"#%8t/N are inverse to each
other. Therefore, the circuit of Fig. 9 corresponds to the
simulation of e~ *rew? where

& _
Hyew = Z pkpﬁ‘l;)MWII,jl;MHkavjle' (15)

kg1

It can be shown using analysis of gDRIFT [5] that

2
k 7 7 I
Z p§1;)N1W1;r,j1:A1Hkavjl:M = UIIHkU’f +0 (]\;) )

Ji:m

(16)

since the error analysis for the gDRIFT procedure remains
valid when replacing the simulation of a density operator
with that of a Hamiltonian.

In order to suppress the inner layer error O(u3 /M) due
to the random sampling of j in each of the N iterations
of the outer layer below O(e/N), the iteration number
M must be chosen as Q(u?N/e¢). Consequently, since N
itself must have 1/e dependence (in order to suppress
the overall error below e, as explained previously) the
overall runtime of the intermediate circuit N - M scales
according to 1/€3. Next, by compiling the subroutines
of the algorithm, one can reduce this resource scaling
to 1/e. This compilation procedure can be achieved by
setting M as O(u2)—removing the dependence on € here
comes at a cost of increasing the error. However, said
O(ui/M) = O(1) inner layer error can be compensated for
by introducing an additional modification to the procedure
shown in Fig. 9, as we will discuss in the coming section.
The total runtime will be proportional to N - M which
scales in terms of € in the same way as IN. Therefore, the
total runtime scales as O(1/¢) in terms of e.

B. Compiled UHET Algorithm

We now move to apply this general method of com-
pilation to the task of UHET, thereby providing a more
efficient procedure than Algorithm 3. The compiled al-
gorithm is presented in full in Algorithm 4, with details
regarding the error and runtime provided throughout
App. D.

With respect to the circuit depicted in Fig. 9a, here
we choose each iteration of the circuit to correspond to a
short time-evolution by the following Hamiltonian:



nM
1 .
<4) Z WJ,T)’LM ([cos pr.X —sin Y] © I)Wk,ﬁLM
V1M
. 0 bk pikm(Ho+1)/2 i
= A (0?2 @ 1) < e—idK g—ikm(Ho+1)/2 e 0 (e7WrmZ/2 g T) (17)

Algorithm 4 Efficient universal Hamiltonian eigenvalue
transformation (Compiled)

Input:

¢ A finite number of queries to a black-box Hamiltonian
dynamics e*17 of a seed Hamiltonian H normalized
as ||Hollop < 1, where Hy is the traceless part of H,
e, Ho:=H — (1/2")tr(H)I, with 7 > 0

o A class C® (3 times continuously differentiable) func-
tion f :[—1,1] — R, such that ™ is piecewise C?
(see App. A1)

e Input state |¢) € H

e Allowed error € > 0

e Timet >0

Output: A state approximating e~/ (HO!|y) (¢ > 0)
with an error in terms Eq. (2) upper-bounded by ¢ (also,
the mean square of error in terms of Eq. (3) upper-bounded
by 2¢)

Runtime:
Pre-processing (only once):
O((t/)/?)
Main Process: ©(Cy,st*n/e) for an f-dependent constant
C.,5 which is independent of n, ¢, and €
Used Resources:
System: n-qubit system H and one auxiliary qubit H.
Gates: eTH7 single qubit gate on M., and Clifford
gates on H, @ H

O(K**n/e®) + Ty, K =

Procedure:
Pre-processing:
1: Define f as shown in Eq. (7) and compute Fourier coef-
ficients ¢ := (1/2) f_ll dze™ ™ f(z) for k € {—K,—K +
,K} for a K > 0 satisfying Eq. (19)
2: for ke {1,...,K} do
: Generate (A, ;) by Subroutine D5 of App. D 2 with
allowed error set as v/3e/(12m (>3 |Ck||k]))
4 (A_k,Q_k) — (Ak,—gk)
5: end for
6: (Ao, 00) < (1,0)
7. Compute N := N(B,t,e/?)) for B := Zsz
Main Process:
8: Initialize |current) < |+) ® |¢)
9: form e {1,...,N} do
10: Randomly choose k with probability px := |é|/(Ax3)
11: Randomly choose ji := {¥; 1052} € ({0,1,2, 3}m)Lok?

e (lEk]/Ak)

12: |current) <+ W,j]k( —ilcos ¢y X —sin ¢, Y13t/ N (7 ®
)W, j, |current)
13: end for

14: Trace out H. of |current)
15: Return |current)

(

where the iteration number M can depend upon k,
A =1—0(K?/M) >0, 0y = O(k3/M?) € R and

I @ e~ T/ M) cp ) (5

H ctrl

x (e7*m2/4 @ I). (18)

kﬂlM .

For simplicity, we sometimes suppress the superscript
(M) and just write Wy 5,,,,- We prove the validity of
Eq. (17) in App. D 1.

As mentioned earlier, in order to improve the scaling
behavior with respect to the uncompiled algorithm, we
seek to modify the circuit to correct for the error intro-
duced by the finite iteration number M of the inner layer.
The factor Ay pr can be compensated for by modifying
the probability distribution p; and the iteration num-
ber of the outer layer IV; the rotation errors of the form
e mZ/2 & T can be corrected via an inverse rotation.
Thus, the general compilation procedure can be applied
to UHET in order to reduce the runtime. In particular,
we take M as 10k? such that Ag pr = 1—O(k*/M) > 1/2
independently of k, which follows from a lower bound of
Ag m [see Eq. (D3) in App. D 1J.

If a classical description of the dynamics were given,
then the compensation parameters Ay 5 and 6 ps could
be explicitly calculated via Eq. (17); however, since we
only have access to the black-box dynamics eT#7 we
must now construct a circuit that efficiently estimates
them without relying on explicit knowledge of H. We
present such a method that makes use of robust phase
estimation [30] to obtain estimates (A, 6;) of the error
parameters (Ay 10x2, O 10k2) for k € {—K,..., K} (where
K is a cutoff number) in App. D 2. This completes the
pre-processing step of Algorithm 4.

The main part of Algorithm 4 then makes use of these
estimates to compensate the error in simulating the de-
sired transformed dynamics e~/ (Ho)t: we provide a com-
plete error and runtime analysis in App. D 3. The circuit
representation of Algorithm 4 is depicted in Fig. 10, in
which we choose a new cutoff number K satisfying

K

E Zk:7T£E

Veel[-1,1], (19

N

(’U1 10k2) 6\ ({071’2’3}n)10k2’ BA \:
= N(B,t,¢/3), b i= ||/ (ArB),

and set Jji

SE lel/Ay), N
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FIG. 10. Compiled version of outer layer (Fig. 7a).—By using
modified values py, B, N(F), and a modified operator ijk (see
Algorithm 4 for details), the iteration number N]ic) = O(B2t%k? /€?)
for controlization in Algorithm 3 is reduced to 10k? = ©(k2) inde-

pendent of f,n,t and €, thereby leading to a more efficient algorithm
for UHET.

and

Wi, i= WO (e0:2/2 g 1), (20)
The average number of times that the unknown dynamics
e "7 (1 > 0) is called in any one sampling of k is reduced
via compilation from Y, pr©(8%*t?k?/e?) (Algorithm 3)
to >, PkO(k?) (Algorithm 4) and the average depth of
the overall circuit is subsequently reduced accordingly.

The runtime of Algorithm 4 is ©(K3t3n/¢3) + Ty for
pre-processing, where K = O((t/€)'/3) is the cutoff num-
ber defined in step 1 and T4 refers to the sum of the
classical computation times for steps 1 (computation of
the Fourier coefficients ¢ until Eq. (19) is satisfied) and
step 7 (computation of N ). The main process has runtime
O(Cy,t?n/e) (see App. D 3 for the proof). The scaling of
the runtime of the main process in the t — oo and ¢ — 0
limits are reduced in Algorithm 4 compared to Algorithm
3.

VI. COMPARISON WITH A QSVT-BASED
UHET ALGORITHM

Algorithms 3 and 4 above provide two novel methods to
implement the task of UHET; we now move to compare
these algorithms with another one that achieves the same
task via a modified QSVT procedure. In principle, one
can combine standard QSVT methods with the ability to
simulate Hamiltonian dynamics to achieve the said task.
Given a classical description of the Hamiltonian, this can
be achieved by performing a block-encoding of H into a
unitary, using QSVT to approximate e~/ (Ho)t (up to a
proportionality constant), and then amplifying the block
via robust oblivious amplitude amplification [27, 28]. How-
ever, such a procedure requires a classical description of
the Hamiltonian to be known a priori, in contradistinction
to the UHET task we have so far considered. Here, instead
of a classical description of H, one is only given access
to a black-box Hamiltonian dynamics e***. In App. E,
we provide a method that modifies the standard QSVT
procedure by essentially applying control to a modified
version of the unknown Hamiltonian and then applying
appropriate gates to simulate the desired function.
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This allows us to compare the runtimes of Algorithm
3 (uncompiled), Algorithm 4 (compiled) and the QSVT-
based Algorithm 7 presented in full in App. E 1. We show
that the scaling of the runtime of the main process (i.e.,
the part which must be run each time) of these algorithms
behaves in the limit of ¢ — 0 according to:

Runtime of Algorithm 4 (compiled)
< Runtime of QSVT-based Algorithm 7
< Runtime of Algorithm 3 (uncompiled).  (21)

In other words, Algorithm 3, which is slower than the
QSVT-based Algorithm 7 when uncompiled, becomes
faster than it via compilation into Algorithm 4. In
App. E1, we first describe how QSVT techniques can
be applied to the task of UHET and present an algorithm
that leverages ideas from Hamiltonian singular value trans-
formation [31] and the QSVT-based Hamiltonian simula-
tion [27, 28]. In App. E 2, we subsequently calculate the e
dependence of the three studied algorithms, demonstrat-
ing Eq. (21), and we explain the technical reasons for the
differences in scaling.

VII. CONCLUSION

In this work, we developed a universal quantum al-
gorithm for transforming the eigenvalues of any Hamilto-
nian, by any (suitably differentiable) function, while keep-
ing the eigenstates fixed. Our algorithm is universal
in the sense that it does not rely on knowledge of the
input Hamiltonian, whose dynamics can be given as a
black box. The algorithm is initially constructed by con-
catenating two subroutines, namely controlization and
Fourier series simulation. This is followed by a compila-
tion step, based on a general framework we develop, using
correlated randomness to perform the multiple layers of
random sampling in a more efficient way. We show that
the compilation step significantly reduces the runtime of
the algorithm, making it even more efficient than sim-
ulation methods based on the quantum singular value
transformation.

Our results have implications broadly across the realm
of quantum information and beyond. First, the notion
of compilation reconciles quantum computing practices
with a key notion implemented in classical computing,
where subroutines are compiled into larger functions to
be implemented more efficiently. Extending this approach
to different tasks could significantly improve our ability
to develop complex and efficient quantum algorithms in
a modular fashion, similar to that of classical software.
Second, we expand the class of universal Hamiltonian
transformations that can be efficiently performed to all
suitably differential functions on the space of Hamiltoni-
ans, extending previously known results for linear func-
tions of Hamiltonians [10)].

In the future, developing a general theoretical frame-
work for higher-order transformation of Hamiltonian dy-



namics will provide more insight into the possible ma-
nipulation of Hamiltonian dynamics for information pro-
cessing tasks. In the longer term when fault-tolerant
quantum computers become available, we envisage that
our methods could be applied to practical use cases in the
simulation and manipulation of quantum systems, such
as in quantum chemistry or materials discovery.
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APPENDICES

Appendix A: Preliminary Definitions

Here, we provide some basic definitions that will prove useful throughout our work.

1. J-Smoothness of Functions

Definition 1 (Piecewise C7). Let X = {xq,...,2,}, where =1 = z9 < 21 < --- < 2, = 1. A function g :
[-1,1\X" — R, where X’ C X, is piecewise CI (J € N,) Y the derivatives g™ for m € {0,1,...,J} are
well-defined and continuous everywhere in [—1,1]\X, and additionally, at the exceptional points x1,...,2,-1 of g, we

have that for all j € {1,....,n—1}, lim__, + g™ (2) and lim__, - g™ (z) exist for all m € {0,...,J} (although the

limits from above and below need not coincide), as well as for x = £1, lim,_,_1+ ¢™ (z) and lim,_,,- g\ (z) exist.
In particular, when J =1, g is said to be piecewise smooth

Definition 2 (J-Smoothness). Here, we extend the notion of piecewise continuity to higher orders of smoothness.

1. A function g : [-1,1] = R is J-smooth & g is piecewise ¢V~ and g\ is piecewise C2.

2. A function g : [-1,1] — R is periodically J-smooth A g is J-smooth and g™ (+1) = g™ (=1) V m €
{0,...,J —1}.
3. A function g : [—1,1] = R is strictly J-smooth 4 g is J-smooth and g*) does not satisfy
lim ¢ (z) = lim ¢ (z) Vae(-1,1). (A1)
r—at r—a—

4. A function g : [—1,1] — R is strictly periodically J-smooth A g is periodically J-smooth and g\’ does not

satisfy either or both of the following conditions:

1. lim ¢Y(z) = lim ¢Y)(z) Yae(-1,1)

z—at r—a~
2. lim ¢ (z) = lim ¢ (x). (A2)
z—1- z——1+

2. Norms for Quantifying Errors

When quantifying the error of a simulated operation, we will often make use of the diamond norm, defined as

®||o = dPRI)(A A3
9=, e (@S DA, (43)

where @ : L(H) — L(H) is a quantum operation, Z is an identity operation on L(H), and || - ||; denotes the 1-norm
defined as || A||; := tr(vV At A).

3. Scaling Notation

Throughout this article, we use the symbols O(-), Q(-), and ©(-) to denote the scaling behavior of algorithm runtimes,
the definitions of which are provided in Table I. Furthermore, we consider various limits depending on the parameter
of interest. In particular, we consider the limit — oo for qubit number n € Z~, simulation time ¢t € R, and the limit
— 0 for the allowed error € > 0. For instance f(t,¢) = O(t*¢!) means that limsup,_, .. (f(¢,¢€)/t?) < oo for all € > 0
and lim sup,_,o(f(t,€)/e 1) < oo for all ¢ € R. Intuitively speaking, f(x) = O(g(z)) if g(x) grows at least as fast as
f(x) in limz — oo (i.e., g asymptotically upper bounds f); f(x) = Q(g(z)) if f(z) grows at least as fast as g(z) in
limx — oo (i.e., g asymptotically lower bounds f); and f(z) = ©(g(z)) if g provides both an upper and lower bound
of f asymptotically.
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Notation Definition
f(z)=0(g(z))| limsup,_ . (f(z)/9(x)) < oo
f(z) =Q(g(x)) lim infa 00 (f(2)/9(x)) > 0
f(z) =0(g(x))|f(x) = O(g(x)) and f(z) = Q(g(x))

TAB. 1. Scaling symbols.—For any g(z), we say that a function f(x) is O(g(x)), Q(g(x)), or O(g(x)), if the above are satisfied.

Appendix B: Universal Hamiltonian Eigenvalue Transformation (UHET)

1. Mean Squared Error Bound

Here we demonstrate the validity of Eq. (3), which bounds the mean squared error of an average operation in terms of
some original error bound. More precisely, we prove:

Lemma 1 (Mean Squared Error Bound). Consider an arbitrary unitary operation defined by U(p) := UpU' with a
unitary operator U and a density operator p on a Hilbert space H. If the error (in terms of the 1-norm) of a set of
deterministic quantum operations (completely-positive trace-preserving maps) F; : L(H) — L(H) and a probability
distribution {p;} satisfies

S lled(|) ij (1) (WDl < A, (B1)

for some A > 0, then the mean squared error of the average operation Zj p;F; is upper bounded by

ol Zpyllu ) (W) = F(19) (WD < 24, (B2)
where |¢) is any pure state on H.
This lemma is proven in App. B of Ref. [10]. Furthermore, if a modified version of Eq. (B1) is applied to an extended
Hilbert space, namely
up @ T (1) )= > _piFi @ T (19) (W)l < A (B3)
dim(H’
W) EHOH 7
) l=1

holds, then a stronger version of Eq. (B2), i.e

d.SU% ZPJHU & Ty (1) (W) — Fj @ Ty (|90) ()17 < 247, (B4)
|w>lemv({®;u /
) I=1

follows.
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Appendix C: Uncompiled UHET Algorithm

Here we provide details relevant to the uncompiled UHET algorithm presented throughout Sec. IV of the main text.

1. Sufficient Number of qDRIFT Iterations

The qDRIFT procedure is a stochastic method for simulating Hamiltonian dynamics [5]. Here, we determine a sufficient
number of iterations to ensure a sufficiently small error e.

Lemma 2. Suppose one is given access to the dynamics e "™ (7 > O). corresponding to a set of Hamiltonians
{H;}; on L(H) which normalized as ||H;|op = 1. Then, the dynamics e=*H* (t > 0) of a Hamiltonian represented
as H =% hjHj for a set of positive coefficients {h;}; can be simulated using ¢DRIF'T with an error of at most

(20212 /N)e*MIN where ) := >_;hj and N refers to the number of iterations of the random sampling. Here, the error
s quantified by

1
§||]:target - ]:approme (Cl)

where Fiarges (p) 1= e~ Mt petHt gnd Fapprox 15 the average quantum operation simulated by the ¢DRIFT protocol.

The proof of this Lemma is provided in Ref. [5]. In particular, if N is chosen as N(\,t,2¢) (as defined in Eq. (4)),
then the error in terms of Eq. (C1) is bounded from above by e, i.e.,
2\2¢2

5A2¢2 -1 1 2¢
2A/N(At26) < 93242 Xt (5At/2)" 1 _ 4/5 . 9
7(/\,@26)6 < —_ e 5 e <e (C2)

- =
Moreover, making use of Egs. (B3) and (B4), it follows that the error in terms of Eq. (1), namely

sup || Frarget @ L ([10) (¥]) = Fapprox ® Zpw (|[¢) (¥]) 12 (C3)
[Y)yEHRH'
1) 11=1
dim#’

is upper bounded by twice that of Eq. (C1) and can therefore be upper bounded by € by choosing the iteration number
as N(\ t,e).

2. Definition of ¢g; in Fourier Series Simulation [Subroutine 2, Eq. (7)]

The first step in the Fourier Series Simulation part of our UHET algorithm is to modify the desired transformation
function f to a suitable periodically smooth one f, which is in turn defined in terms of the function g below [see

Eq. (7))
gr(z) :=C cos (mx) + Sy sin (mz) + %Sg sin (27rx) + Cs cos (2mx) + Cs cos (3mx) + %;93 sin (37x)
+iS4 sin (4mzx) + Cy cos (47z), (C4)
where the coefficients C1, Cy, C3, Cy, S1, Sz, S3, Sy are defined succinctly in terms of the coefficient matrix

9/16 1/16 —9/16 —1/16
2/3  1/24  2/3  1/24

~1/16 —1/16 1/16 1/16 (C5)
—1/6 —1/24 —1/6 —1/24
as
(2)(— (2) T
(€1 CanCac =@ (10, D o, )
T

(S1,82,83,8)T :=®- (2f(1)(_1)’ Sf(?’):(‘)—l)’ 210(1)(1)7 8f(3;(1)) o)

™ e T T
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3. Error Analysis of Fourier Series Simulation (Subroutine 2)

Here, we rigorously analyze the performance of Subroutine 2. In particular, we prove the following Theorem:

Theorem 1. Subroutine 2 outputs e~/ (Ho)t [1) with an error of at most €. Here, the error is defined as:

dim(#H')
[Y)EHQH'
e} =1

sup (|G @ Ty (|9) () — ij(gj ® Iy ) (1) (@D I, (C7)

where G(p) := e~ T Ht peif (Ho)t - 5 abels the tuple of all random indices k chosen in N iterations, pj refers to the
probability that j is chosen, which leads to the particular quantum operation G; being simulated, and H' is an auziliary
system of arbitrary dimension.

We prove this theorem as follows. First, we decompose the error into two contributions: that of approximating the
function f via its (truncated) Fourier series and that of the qDRIFT protocol itself. We then upper bound each error
to derive an upper bound for the total error of the subroutine.

Proof: First, we define three quantum operations G1,G2,Gs : L(H. @ H) — L(H. @ H):

Gi(p) == efi(X®f(Ho))tpei(X®f(Ho))t

Golp) = e~ XOF ()t pei(X® frc (o))t

Gs = ijg;" (C8)
J

where fx(z) = Efsz épetm(@+1)/2 ig the truncated Fourier representation of f (which is a real function due to
¢k =¢;) and G} : L(H @ H) — L(H. ® H) is the quantum operation simulated between steps 5 and 9 of Subroutine
2. By applying G; to the initial state |[+) ® |¢) and finally tracing over the control Hilbert space H., one yields
the desired transformation, i.e., the ideal dynamics. The expression G, corresponds to the simulated dynamics of a
truncated Fourier series in the absence of any Trotterization error (i.e., a perfectly accurate simulation of the finite
Fourier series). Lastly, G denotes the actual dynamics simulated in Subroutine 2, which includes errors due to both
finite Fourier series cutoff and Trotterization.

Consider the norm FE defined as

E(F):= suwp  [FLu([¥) @), (C9)
[)EHQHOH'
I} =1
dimH’

for any quantum operation F : L(H, @ H) = L(H. @ H). The difference E(Gs — G1), therefore quantifies the error
between the simulated dynamics and the ideal case.

Since G is a qDRIFT protocol approximating the ideal dynamics by simulating a Hamiltonian X ® fi (Hp) with
finite cutoff number K as shown in Eq. (10), it follows from Lemma 2 that E(Gs — G2) = €/2 (since the precision
is chosen as €/2). Furthermore, we can make use of the identity || |8) (B8] — |v) (V|1 = 2v/1 = | {B]) |? (see, e.g.,
Eq. (1.186) of [32]) where |3), |v) are unit vectors in the same Hilbert space, as well as the triangle inequality to yield

E(Gs —G1) < E(Gs — Ga) + E(G2 — G1)

. . 1/2
" sup 2 [1 = | (] e~ IXOUH) =T (HE @ T |4 |2] . (C10)
) EHRHRH

1) [=1
dim(#H')

IN
N

We now lower bound the r.h.s. by decomposing 1)) =: >, . as.m [S) |Em) [¥sm) s m las,m|* = 1), where E,, and
|Epn) are the eigenvalues and eigenvectors of Hy respectively, |s) € {|+),|—)} are eigenvectors of the operator X in
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He, and |95, ) is a unit vector in H’. With this, it follows that | (] e~ iX®(f(Ho) =i (Ho)t @ T [1) | is lower bounded as

| ()| e~ i X®(f (Ho)~fx (Ho))t @Iy | = Z \as m|267i(s\X|s>»(f(Em)ff_K(Em))t

s,m

Z |as7m|2Re(e_7:<5|X|S>'(f(E'm)_fK(E7n))t)

s,m

Y

> Z |as7m|2(:os(%R(f — fK)t)

= cos(3R(f — fw)t), (C11)
where R(g) := 2 I?afil]|g($)| for a function ¢ : [-1,1] — R. Substituting Eq. (C11) into Eq. (C10) and invoking
TE[—

)

Eq. (8), we finally have

E(Gs—G) < % +2sin[R(f — fx)t/2] < % +R(f - fr)t < =€ (C12)

€
2
By substituting back to Eq. (C9), we have that

e>E(Gs—G1)>  sup  |ltry,[(Gs — G1) @ T ] ([90) (@)1
) EH OHEH
) ll=1
dim#’

> sup  ltry [(Gs — G1) @ T ](|+) (+] @ [¢) (@D, (C13)
[Y)EHQH'

) lI=1
dim#’

which is equal to the expression in Eq. (C7), therefore asserting our claim. O

4. Fourier Series Convergence

Lemma 3. For arbitrary f : [~1,1] — R which belongs to class C* with {4 being piecewise C?, the function f defined
in Eq. (7) is periodically 4-smooth.

Proof: We will now demonstrate that f belongs to class C3, f@)(1) = f@)(=1) (j € {0,1,2,3}), and f® is piecewise
C?. Let S C [—1,1] denote the finite set of points outside of which f (4) is defined and is continuously differentiable. It
is straightforward to see that f(*) is piecewise C? with exceptional points = € S U {0} where S := {(z +1)/2 | z € S}.
Thus it suffices to show that f belongs to class C% and fU)(1) = fU)(—1) V j € {0,1,2,3}. This follows directly from
the following equations, which in turn follow from the definition of g

& i

05 @lemo = 7120 = Dlao

47 dJ

07 (@)lamo1 = (20 = Dl (c14)
where j € {0,1,2,3}. O
We now move on to analyze the convergence rate of the Fourier series being simulated, which leads to a relationship
between the allowed error € and the truncation number K. Whenever a function g : [-1,1] — R is piecewise smooth,
its Fourier series converges (except for at a finite number of discontinuities; see, e.g., Ref. [33]). In general, for a

periodically J-smooth function, the rate of convergence can be determined via the following lemma.

Lemma 4. For any periodically J-smooth function g : [—1,1] — R, its Fourier coefficients cx, := (1/2) fil dx g(x)e~imke
converge at the rate:

lim |cx||k]” < oo. (C15)

|k|—o00
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In particular, if g is strictly periodically J-smooth, then

o] —-K
Z lek)? = Q(K_(2J+1)) and Z lek)? = Q(K_(2J+1)) (C16)
k=K k=00

hold for K > 0.

Proof: If g is periodically J-smooth, then each coefficient ¢; can be rewritten using the following Fourier asymptotic
coefficient expansion method [34]:

1! :
crp = f/ da g(z)e™ ™

-1

i)jﬂ {gm(l) _gu)(_l)} . (—21)J (;;{)J/ll dz gD (@)e™e (17

I
I
DO =
gl
L
i
=
=
JF
<
7 N
3
=

The final line follows by successively applying integration by parts on the relevant integral term; this technique is valid
since the interval of integration [—1, 1] can be decomposed into smaller intervals [zg, z1], ..., [€n—1,Zy] (With 2o = —1
and z,, = 1) between the exceptional points, upon which all derivatives of g are C? by assumption. The rightmost
part of Eq. (C17) is O(1/k”) because all of the terms in the summation vanish due to periodicity and the remaining
integral in the second term is bounded. This proves the first part of our claim, i.e., the rate of convergence according
to Eq. (C15).

Furthermore, when g is strictly periodically J-smooth, then the integral term on the r.h.s. of Eq. (C17) can be
rewritten as:

1 ) 1 ) 1 )
/ dl’g(J) (m)e—mkw _ / dx g(J) (:L,)e—wrkac N +/ dxg(J)(x)e—wrkw
1 -1 x

_
Tk

. 1
—iTkT,, — — ¢ —imkx
R A A GOy —g(")(xi_l)}} - %/ldwg("“)(w)e ke, (C18)

n—1

[eiwk{g(J)(l—) _ g(J)(_1+)} + e—iﬂkxl{g(J)(xl—) _ g(J)(a:{r)H—

By rewriting the final integral similarly, we can show that this expression is of O(1/k?). Specifically, let us define g,,
form € {0,...n —1} as go := ¢ (17) — g (=17) and g,, := ¢ (z;,) — ¢ (z}) for m > 1; with this, Eq. (C18)
can be expressed succinctly as - S g,,e ™ m 4 O(1/k?). Substituting Eq. (C18) into Eq. (C17) then yields

. . J+1 n—1
o = (721)1 (T:k) (Z gmeiﬂ'k‘z‘m> + O(k7(<7+2)). (019)

m=0

In order to reach the desired claim, we now seek to lower bound |ci|. For any kg € Z and M > 0, we have that

2

ko+M—1|n—1 ko+M—-1 | n—1
Do Do gme T = 3 D ml® Y g gmae” )
k=ko m=0 k=ko m=0 miF#ma
ko+M—-1n—1 ko+M—1
> 3 Y gl =] DD G gme Y e T
k=ko m=0 miF#mo k=ko
ko+M—1n—1 ko+M—1
2 —imk(x —x,
> E E |gm|” — E |Gma [|Gms | E e Tk (@my = m, )
k=ko m=0 miFEme k=ko

n—1 n—1 2
1
> M E |gm|2 - Z < E |gm> ) (020)
m=0

m=0



19

where A := sin {g {0< min< . (Tmy — Tmyy 2 — (Tmy — xml))}] > 0. The last inequality above follows by evaluat-
<mi<mo<n—

ing the geometric series and then bounding it appropriately, i.e., | ZZOJ/;{)W ! e~ imka| = |(e=im(kotM)a _ p—imkoq) /(g=ima _

1)| < 2/|e7 — 1| = 1/sin(mq/2) for ¢ > 0. Since 1/sin(mq/2) = 1/sin(m(2 — q)/2) and 1/sin(mq/2) is a decreasing
function in 0 < ¢ < 1, it follows that ‘Zk”M ! e_”k(szx’"ﬂ)’ can be upper bounded by 1/A for my # ms.
In particular, when M is chosen as M’ := ceil{[2(zzb;10 |gm|)2]/[A(Zm o lgm|?)]}, the last line of Eq. (C20) yields

n—1 n—1 2 _n—l n—1 2
1 1
i St 5 (S nl) 00| S o= g (3 )
m=0 m=0 m=0 m=0

_n—l n—1 2 n—1
1 A= l9m )
2 M’ |g7n‘2 N ( |gm|> ’ :LTL_—O

—0 |9m|)

n—1
1
52 lgnl (c21)

m=0

2
for k € {ko,...,ko+ M'—1} is lower bounded by (Zn_l lgm|?)/2.

Since there exists at least one k € {ko,...,ko + M’ — 1} such that | 32"\ gpe™i™em|2 > (S0 g,.12)/2 for all
ko > 0 and the O(k~(/+2)) term converges to 0 quicker than 1/k7F!, there exists constants C' > 0 and k{ > 0 such
that for all kg > kf, there exists at least one k € {ko, ..., ko+ M’ —1} such that |cx| > C/k/+1 > C/ (ko + M’ —1)7+L.
Since Y o7 g lekl* = Y2 12 \CK_HZ g2 > SR IC/HE + 1M — 1)7H2 = 9(K~ /D) for sufficiently
large K, it follows that > - |ck| = Q(K~®/+1) and Z;foo lek]? = Q(K~@7+D) for K > 0, asserting the second
part of our claim. O

Therefore, the average value of Zm 09m e~ imhTm
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Appendix D: Compiled UHET Algorithm
1. Proof of Eq. (17) for the Compiled Algorithm (Algorithm 4)

Here, we prove the validity of Eq. (17) of the main text. To be precise with notation, we denote the order of matrix
multiplication as II%_, M; := M - - - M,,. Formally, we show:

Lemma 5. Let k € Z, N € Z>q, and j := (t,...,9y) € ({0,1,2,3}")N. For any unitary W,S]j) defined as per
Eq. (18), namely

km Ckm
W = lH ctrl(os, )(I®e 2N Nyetrl(op )| (e 1 2 @ I), (D1)
there exist parameters Ay n > 0 and 0 n € [0,27) such that
" (V) )
<4> Z (W, )T ([cos ¢ X — sin ¢ Y] ® nw,;
Ty ON
kT
Oy, ipw ie (Ho+I) O,

=Ap n(€ 57 g I) 0 ethe 2 (e 52 I), (D2)

. km
e*l(ﬁke*Z?(HQJrl) 0

where Hy is the traceless part of H, i.e., Hy := H — (tr[H]/2™)I. Furthermore, Ay n and O n satisfy

71'2]{32 31.3
1- <A.n<1 and |0
sy SAen =1 oand 0pn| < oonm

Proof: For the special case N =0 (in which case we employ the convention that for any matrices {X,,}m, we have
IN=9X,, = 1), it is straightforward to verify that (Ax n,0kn) = (1,0) satisfies Eq. (D2); thus, the remainder of the
proof concerns N > 0.

For convenience, we define

(N > 0.6257k). (D3)

N km
km —i H
Ty =[] etri(os, ) @e 2N T)etri(oy,) = | © N ’ - ' (D4)
m=1 0 H’rn:l O—'Em e ‘2N JUm
With this, Eq. (D2) can be rewritten as
"™ .
(4) Z Tk N ([cos ppX —singrY | @ )Y v
niN ikiH
_<1) Z 0 ek’ 5 (]_[l 105 2N 7oy
—\z ) kT JEm
4 U1,..5UN e 1ok (Hl]il 0—17167Z2NHU171)T672 2 0
; ke
- D B vt A" K one R
e ML ()" S ome 2N oy Jfe 2
_ kr
" 0 eitn ftrfe N VN i S
2 ; i —ikm (D5)
e~iok {tr[e " an AN i H)
where we have made use of the matrix identity > ; (Hl L My,) HAL sz Mz,). By now invoking
{tr(e BN H) Nt H — ftr(e=158 e~ ian Ho)INei 5% ois Ho — [gr(e _12NH°)} e Ho where a := tr(H)/2", the

final line of Eq. (D5) can be rewritten as

()" ; (e
2)  \ e fin(emi B )y Vi 0

1\ 0 ei9 {tr (e~ Fh Ho) )N i 5 Ho (D6)
2 e~k {tr(e—i;—};Ho)*}Ne—i%kHo 0 )
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Thus, by setting

ok N
. t 717H0
Ak,Nelo’“*N = lr(e 272,N )] ) (D7)
where A v > 0 and 0, v € R, we obtain
1 nN + 0 ei(¢k+9k,N)eik7ﬂ—H0
b vt X —siné Y] @ DTpn;= A . (D8
(4) ) Zﬁ ko, ([cos o X —singp Y] @ I) Yy nj = Ap v et . (D8)

which is equivalent to Eq. (D2).
For the second part of the claim, note that when Hj is diagonalized as Hy = Z?:gl E;17)(j|, then the expression

{tr(e~i38Ho) /27N reduces to

N

"1 _izkp, 2"~1 oos i 'sin N
(tr(c i34 Ho) jgm} N _ <ZJ—0€E> - (Zﬂ o COsERBy) — iy (3 NEJ)) : (D9)

2n 2n

from which Ay ny <1 follows. Further invoking |E;| < 1 (which follows from our assumption that ||Hollop = 1) and the

inequality cos(z) > 1—22/2 (z € R), it follows that cos(FxE;) > cos (3%) >1— 1 (%)2 and subsequently

N
7k \ w2 k>
— — >1— .
1 (2N> ] z1 SN (D10)

Finally, due to the fact that Z?igl E; = 0 (which follows from tr(Hp) = 0) as well as the inequality |sinz — | <
(|z|2/6) (z € R), we have

om_q N
ijo COS(%EJ')
2TL

Apn >

2" —1 2" —1 2" —1 3 3

mk mk mk 1 mk 2" ([ 7k
Yosin (oo By )| = |3 fsin(SoEy ) - coEy|| <= > |ooEy| < (L) . D11
par Sm(QN J) par [Sm<2N J) 2N J} B~ P2 B <2N> (D11)

Then, since 5~ ?:El cos(ZEE;) > 5 Z?;Bl cos(ZE) = cos(ZE) > 1-1 (L) it follows that 6y is upper bounded
by

—1
1/ 7k \? 1/ 7k \? m3k3
< -1 — | — — — | — < > 0. .
|0k, n| < N tan {6 (2N> }{1 5 <2N> } < 5oN2 (N > 0.6257k) (D12)

The final inequality follows from tan™*[$2?/(1 — $2?)] < 32° (0 < 2 < 0.8). O

2. Parameter Estimation for Compiled Algorithm (Algorithm 4)

The compiled UHET Algorithm 4 makes use of “correction” parameters (Ak, ék) to compensate the error of the main
process and reduce the runtime from that of Algorithm 3. Here, we will develop two subroutines, namely Subroutine
D5 and D6, that allow one to estimate such parameters without any knowledge of the seed Hamiltonian. Subroutine D6
is used in step 2 of Subroutine D5 to generate a state |¢(N', 1, kw/N’, 25k, ®)) that is used for robust phase estimation,
from which the parameters of interest can be estimated.
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Subroutine D5 Generating parameters (Al, él)

Input:

+iHT

e A finite number of queries to a black-box Hamiltonian dynamics e of a seed Hamiltonian H with 7 > 0 on an

n-qubit system H
e Parameter [ € Z~g
o Allowed error € > 0

e Timet >0

Output: Estimates A; > 1 and 6, € [0,27) of A 1012 and 6, 1052, respectively, with root mean square error of |1 —

(Al’lopewlvwlz )/(Aleié‘)| that is upper bounded by €/t.
Runtime: O(1*t3n/c?)

Procedure:

1: for ® € {0, %} do

2: Perform robust phase estimation [30] with allowed root mean square of error set as e/(v/2t). Here, success of
|0) —measurements and |+) —measurements are defined as obtaining outcomes for |0) ® I and |+)®1I when performing Z— and
X —basis measurements respectively on the first qubit of the state [¢(N',1, kx/N’, 25k, ®)), where N’ := N(1, kr,1/(4v/2)),
generated by Subroutine D6. This provides an estimate 0.

3: end for

4: if (1/2m), /03 + 92, < 5 then

5: Return to step 1

6: end if o

7: Compute A;, 0; by
A cos()) = i@

1 1) =5 vo

PP 1.
Aysin(0;) = %’Uﬂ-/g

8: Return (A;,0))

Step 2 of this routine makes use of the following subroutine to generate an appropriate state.

Subroutine D6 Generating a state used in Subroutine D5

Input:

+iHT

e A finite number of queries to a black box Hamiltonian dynamics e of a seed Hamiltonian H with 7 > 0 on an

n-qubit system H
e Parameters N,[,M € Z~o
e v€[0,1]
o &c0,27)

Output: A random state |¢(N, 1, v, M, P))
Runtime: O(NI*nM)

Procedure:
1: Initialize:
|current) < |0) ® [0) € H. Q@ H
2: form e {1,...,N} do

3: From j' := {td1,..., U002}, j” := {Wh,..., W25} where @1, ..., T1g2,W,..., W2y € {0,1,2,3}", and s € {+1,—1},
uniformly randomly choose j = (5',5", s)
4: |current) < W, ; (e ® I)Wftjﬂ, |current) for
—~ .s5P M . ST 102 . s
Wije:=(e 270D | [] ctri(os,, )T @20 )ctrl(og, )| | [] ctrilos,, ) @ e 2007 )ctri(oq, )
m’’ =1 m/=1
5: end for

6: Return |¢(N,l, v, M, D)) := |current)
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] {e—umy/zv’% ]

T"'—Sl,25kl2,j” Til,loﬂ,j' Tsl,10l2,j’ T—sl,25kl2,j”

{(1/2)(1/4m)(10+25k)2"
9 (.jlajll, S)}

FIG. 11. Compensation parameter estimation.—The circuit used to obtain estimates (A;, 6;) that are subsequently used in Algorithm 4.

The runtime of Subroutine D6 scales as (Number of iterations N)x (The runtime of W; ; ¢)=N x ©(I>nM) = O(NI*nM).

A circuit depiction of the combination of Subroutines D5 and D6 is provided in Fig. 11. In particular, the preparation
of the state |¢(N', 1, kn /N’ 25k, ®)) in Subroutine D6 corresponds to the part of Fig. 11 before the measurement,
with M, v set to 25k, kw /N’ respectively. For many values of k, Subroutine D5 implements this circuit and performs
appropriate measurements on the state in order to estimate (/1;, él) via robust phase estimation [30]. We now formalize
the validity of this algorithm and demonstrate its runtime.

Theorem 2. Subroutine D5 outputs estimates (fll, él) of the parameters (A 102, 0, 1012) defined in Lemma 5 for 1 > 0
with a root mean square of |1 — (Auopewlwwl?)/(/Allew")\ upper bounded by €/t with a runtime ©(12e3n/t3).

In order to prove Theorem 2, we combine the results of Lemma 5 with Lemma 6 below, which concerns the robust
phase estimation procedure and is proven in Ref. [30]. We first show that steps 2 to 5 of Subroutine D6 generates the
state |¢p(N,I,~v, M, ®)) by simulating a particular Hamiltonian that is proportional to 9¢ [which is, in turn, a function
of (A;102,6;,10i2) and is defined below]| via gDRIFT. We then show that the success probabilities of |0)-measurements
and |+)-measurements for each k (respectively, denoted (0, k)—measurements and (4, k) —measurements in Lemma
6) differ from 1 (1 + cos(kds)) and 3(1 + sin(kde)), respectively, at most by %, demonstrating that 0¢ can be
well-estimated by robust phase estimation. Finally, we prove that A; jo;2 and 6; 10;2 can be obtained with a root mean
square of error smaller than or equal to €/t.

Lemma 6 (Robust Phase Estimation [30]). Let k € Z~q. Suppose that one can perform two families of measurements,
(0, k)-measurements and (4, k)-measurements, whose success probabilities for obtaining outcomes 0 and + respectively
are given in terms of 0 € (—m, | as

(0, k)-measurement: po r(6) = H—#s(lwﬂ) + o (k)
(4, k)-measurement: py (0) := HS%(M’) + 4 (k),
where do(k) and 04 (k) satisfy
1

St;p{|5o(k)|7 04 (R)|} =: dsup < 7
Then for any allowed standard deviation s > 0, an estimate 0 of 0 can be obtained with a root mean squared error
smaller than or equal to s by a classical computation with runtime O(polyK). This computation is a function of the

numbers of successful (0,27~1)-measurements and (+,27~1)-measurements (j € {1,...,K?}), with both measurement
choices being implemented M; times. Here, M; and K are defined as

K = ceil | log, (3”)]
M; = F(6up) B =) + 1)

log (5(1 — v/8duup))
log (1= 3(1 = V80wp)?) |

F(dsup) := ceil (D13)

This lemma is proven in Ref. [30] (see Theorem 1 therein). We are now in a position to prove Theorem 2.
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Proof of Theorem 2: To begin, note that steps 2 to 5 of Subroutine D6 simulates the dynamics e iH’ using qDRIFT
(D14)

for the Hamiltonian H' defined as
N~

(10+M)1? .
H — . (4) Z Wije(Y ®1

/o With

Wy,..., W2 5,
se{l,—1}
(1AM and H; o= W, ,0(Y ® nwy

where j := {(u1,. .., d102), (W1, ..
=3 hj=
terms of Eq. (C1) is upper bounded by (2t2/N)e?!/N.
We can further simplify Eq. (D14) as follows. First, note that W; ; ¢ can be rewritten as
b~ _is2y
Wije=(e""27 DY g0 Tai02,5 (D15)
), the equality

’LUZQM)NS}? t:= N’% h
respect to Lemma 2, we can evaluate A = > . h; = 1 and thus the error of simulating this dynamics via gDRIFT in

kw
—i(§=00,x) i 5 Ho
nre (D16)

by using Yy n,; defined in Eq. (D4). Moreover, according to Eq. (
e I 0
Ting = AkN , ke
ei(@—0k,N) o —i 75 Ho 0

(1)n Z T”f( el 0

)

4
holds for ¢ € [0,27). Thus, Eq. (D14) can be rewritten as
2
N’Y 1 (10+M)1
2(4> WejeY @ DW/ 4
U1,yeennlyg2
Wy, W2 p
se{l,—1}
(10+M)12 )
Ll _is2 0 —il 52,
T2 (4) (e T2y DY 2,57 Vst 102 5 (i] 0 Yo X o€ 2 7 @ 1)
i1
ey
(10+M)12 .
t(1 0 —il L
) <4) Z (e )Til ZQMJ“TJle,lolQ,j’ (il 0 ) T _g102,5 Tsizn (€27 1)
Tty ag
se{l,-1}
MI? e
t 1 VA + 0 —qeW-st102 | ¢>
= §A75l,10l2 (4> Z (e ® I>T5l JA2M, 5" ( ie_iefsl,loﬂl 0 ) sl ZZMJH( ® I)
wlv'{'lvwliiu
sel,—
0 —iet O si102+0, 2000 T s<I>
—ao2 02 T 0 ( ® I) (D17)
). By substituting

—z
2 ) (iei(e o,
se{1,—-1}
= (Tn,..., T

= A—sl 10l2A5l 2M Z
where in the third line we made use of the fact that Y_j n; = (T v ; )T where j
s®
( ®I)=tapmeY @1

(D18)

-/ !
—y arsQ10,—s

(D7) into Eq. (D17), we have
0
0

) (note that a; a6 € R).

t 7sz
chJ—Hj:§Z(e ®I)<
*(e@ai M.—s010sT€ @ aj a5 10,
(D19)

and M, = 2

j ia; M —sai,lo,sl
tr{efzs (w/(2ml))Ho H
In terms of the parameters A y and 0y y, it is straightforward to show that a;,nm,¢ can be expressed as
(N',l,kn/N', 25k, ©)

[2n

/ .
where U oms =
ar e = Az Ao cos(0 102 — 02 a2 + P)

In Subroutine D5, the input parameters of the state are specifically chosen as (N,1,v, M, ®)
(D20)

. .
(1, km,1/(44/2)), with respect to which, ta; as.e is expressed as
tagare = kA o582 Ar 1012 €08(8,10i2 — 01,2502 + @)

where N/ =
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Using the fact that A; 102 < 1, we can upper bound the difference between the above equation and kmA; 10,2 cos(6; 102 +
) by
tar 2sk,e—kmAr 1002 08 (01002 + P)| = k7| Ap 25k12 A, 1002 €08(O1,1002 — 01,2502 + ) — Ay 1012 cos(0y,102 + D)
< k| A 2skiz cos(0p 1002 — 0125002 + @) — cos(0y, 102 + )]
< kn{|A; 25812 [cos(01 1012 — Op 2512 + @) — cos(0,10i2 + P)]| + [(1 — Ay 2582) co8(6,10i2 + P)[}. (D21)

Invoking the inequality |cos(6 + 6) — cos(0)] = | — :Jrel dzsin(z)| < 6" and Eq. (D3), we then have that

km{| A1 25k12 [cos(01,1012 — O1 25012 + ) — cos(Op10i2 + P)]| + [(1 — Aj 25m:2) cos(0y, 102 + )|}

< k(0502 | + |1 — Apasiez]) < ki (‘ 2007(;?(;k21 + ‘20(2)!: > <0.16 < 4\1—5. (D22)
Now, let us define Fi, Fa, F3: L(H.QH) = L(H. Q@ H) as
Filp) = o IKTA, 102 cos(&lymﬂ+¢')Y®Ipeik7r.4lrmlg cos(0, 12+ @)Y QI
Fo(p) i= e~ kmarzsn YOI poikmar ssk, e Y1
F3 := quantum operation simulated by gDRIFT in steps 2 to 5 of Subroutine D6. (D23)

With this, the success probability of |0)-measurements and |+)-measurements, which is given by (0] try[F3(|0)(0] ®
|0)(0)] |0) and (4| try[F3(|0)(0] ® |0){0|)] |4+) respectively, satisfies

B
W22 W
where, for any quantum operation F : L(H. ® H) — L(H.® H) and state |¢p) € H., we define S(F, ) =
(| try[F(|0)(0] ® [0){0])] |¥). Here, the upper bound of |S(Fs, [¢)) — S(Fz, |1))| is obtained using Lemma 2, and that
of |S(F2, 1)) —S(Fi1, 1)) is obtained by noting that trs[F:1(]0)(0]®|0){0])] and try [F2(|0)(0]®[0)(0[)] are pure states,
and so we can use the fact that the operator norm of |3){8| — |y)(v| for unit vectors |8) and |y) is v/1 — | (B]7) |? (see
Eq. (1.185) of Ref. [32]). In particular, (8|y) in this case is evaluated as (0] e~ ™™ (Araoiz ©03(0, 102 F®)=ar2sk2)Y |0 and
t = km. Invoking Eqgs. (D21) and (D22), as well as a similar discussion to Eq. (C11), we have |S(Fz, |)) — S(F1, |¥))] <
1/4V/2.

Setting the appropriate measurements as |0) and |+), we can express the success probabilities as

1S(F3, [4)) = S(Fu, [9))] < [S(Fs, [9)) = S(F2, [0))| + [S(F2, [4)) = S(Fu, [9))] < (D24)

1+ cos(2kmA; 1012 cos(6 1012 + P))
2
1+ Sin(2k’7TAl’1(]12 COS(91’1012 + (I)))

S(F1,[+)) = 5 : (D25)

Thus, an estimate 0 of 2mA; 102 c0s(6;,1012 + ®) can be successfully obtained by robust phase estimation. In particular,
by setting K in Eq. (D13) as K = ceil[log,(3v/2t/¢)], one can estimate Ay 102 cos(0) 102 + @) with root mean square

of error upper bounded by €/(2v/2t) with a runtime ©(I%t3n/e?). This follows from the fact that the runtime of
generating |¢(N', 1, kw/N', 25k, ®)) is ©(I?nk?) and invoking

5(F1,10)) =

K

A ¢ —Dr
S (K —j)yd = fii Y)gK DL (D26)

j=1

Thus, the total runtime of the robust phase estimation procedure is given by Zszl M;O(*n(2771)3) = ©(1*nt3 /e).
Finally, by setting ® € {0, 7}, one can obtain estimates 9o, 0r/2 of 2mA; 10;2 c0s(0;,102) and 2mA; 10;2 sin(6;,10;2),
respectively with the aforementioned error and runtime. When A; 10,2 cos(6; 10;2) and A; 1052 sin(6; 1;2) are estimated

with an error of §; and d2, respectively, then the quantity |1 — (A; 10:2 %102 )/(flleiélﬂ is upper bounded by

A 1 26i91,1ol2 1 . ~ A
1— I OAl A - ‘A 26191,1012 _ Alewl|
3 5 A0
Alez i ‘Alel z|
1 0o U /2
= — Al 1072 COS 01 10i2) — =— | +1¢ Al 1012 Sin ol 1012) —
|Ageid] 7 (aor2) = o 7 (0e) = 5

<24/6% + 03, (D27)
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where the inequality comes from the fact that Subroutine D5 returns values for the estimators only if
Ay = [0} +1372r/2 > 1/2. Since the root mean square errors of §; and d, are upper bounded by €¢/(2v/2t), it
follows that the root mean square error of |1 — (4; 102 e fi02 )/(/heiélﬂ is upper bounded by ¢/t, as claimed in the

output of Subroutine D5. Finally, note that including the rejection condition of steps 4 and 5 of Subroutine D5 only
increases the average runtime of generating 9o, 0,/2 by constant factor. This is because the root mean square of

|1— (A 120120 )/(Aleiél)| is upper bounded by €/t and according to Eq. (D3), we have that 4; 102 > 1—7%/80 > 1/2,
and thus the probability that /9§ + 92, < 1/2 is smaller than 1/2 for sufficiently small €/¢. O

Above, we have demonstrated the ability to accurately obtain estimates (/ll, él) for the case of [ > 0. We now show
how these estimates can be used to provide estimates for cases [ < 0.

Lemma 7. With respect to estimates (Al, él) with I > 0 obtained by Subroutine D5, define (Al, él) for1 <0 as

o (A_;,—0_) 1<0
AL 0) = D28

(4 ) {(1,0) [=0. (D28)
Thus defined, these provide estimates of (Aji012,0110i2) in Lemma 5 with a root mean squared error of |1 —
(Al’lolzewl,lolz)/(/Allemlﬂ upper bounded by €/t.

Proof: For | = 0, it is shown in the proof of Lemma 5 that (A4; 10:2,6;1012) = (1,0), thus Eq. (D28) provides an exact
estimate of (A; 10;2,0;,10i2). For [ <0, note that by Eq. (D7), we have

(D29)

tr(e~t=or o) 1007
2n ’

Ay qppetrao? = [

and so (A 102, 01,1002) = (A_110(—1)2s —0—1,10(—1)2) holds. We can then write

. ) . * .
1 Ay ggpe’iorn 1 Aygpppe oo 1 A_1(pppe’-roen? 1 Ao -0
Ayeits o A_je—if- B A_jeif-1 B A_jeif- ’
whose root mean square is upper bounded by €/t, thus asserting our claim. O

In summary, we have shown that one can estimate the parameters (Al,él), which are necessary to construct
appropriate corrections to the “intermediate circuit” in order to build the compiled Algorithm 4, as depicted in Fig. 12.
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parameters (A, 0)) obtained by Subroutine D5 in Appendix D 2.

Since the error of this intermediate circuit for finite iteration number 10k? of the controlization happens as in Eq. (18), this error is

FIG. 12. Summary of compilation of Algorithm 3.—First, the random variables @, @ € {0,1,2,3}" of the controlization become correlated.
compensated in the final step by modifying N(F) — NE) | and pr — Di, and introducing an additional gate e¥%¥xZ/2 according to the
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3. Error and Runtime Analysis of Compiled Algorithm (Algorithm 4)

Here, we will prove a theorem on the error, the mean square of the error, and the runtime of Algorithm 4.

Theorem 3.

1. Algorithm /4 outputs e~/ (H |¢> with an error (in terms of the 1-norm) upper bounded by e, i.e.
sup, 17 © T (19) ) = 275 0 T )19) D < (D30)
dim(H’
[) eEHQH'
1) I=1

where j € [UkK:_K({k} x ({0, 1,2,3}")10k2)]N(F) x (R x [0,271’))K is chosen from the set of all random indices,
namely (k, jx) where k € {—K', ceey K} and ji, = (U1.10k2) € ({0,1,2, 3}")1%2 for each of the NF) iterations and
parameters ® := [(Ay,0,),. .., (AK, 6 ;)] where Ay € R and 6; € [0,27) (which are random due to dependence on

measurement outcomes) with 1 € {1,..., K}, p; 1s the probability that j is chosen, F(p) := e~ if (Ho)t peif(Ho)t
F; is the unitary performed when j is chosen, and H' is an auxiliary system of arbitrary dimension.

2. Algorithm J outputs e~ (H |¢> with mean squared error upper-bounded by 2e, i.e.
S, Y pill(F @) (19) (8]) = (F5 © T ) ([9) (@])IF < 2e. (D31)
[y EHRH' ’
) l=1

3. The runtime of Algorithm 4 comprises of a pre-processing step and a main process. The pre-processing step
has a runtime of @(K?’tsn/e ) + Ty, where Ty is the sum of computation times (on a classical computer) for
step 1 (calculation of Fourier coefficients ¢ until Eq. (19) is satisfied) and step 7 (computation of N(F)),
and K = O[(t/€)'/?]. The main process has a runtime of O(Cy,st?n/e), where Cy 5 is a (function-dependant)
constant.

Part 1 of Theorem 3 implies in particular that for an arbitrary input state |¢) € H

I F () ij YWDl < e (D32)

In addition, part 2 of Theorem 3 implies in particular that the mean square of the difference between the ideal state
and the single-shot output state is bounded above as:

ij\lf(lw (W) = F(19) @I < 2e. (D33)

Therefore, we prove the error bounds stated in Algorithm 4.
Proof: We begin with the first statement.

1. Steps 2 to 13 of Algorithm 4 simulate the following quantum operation

]:6 = qu>]:q> (D34)
o3}

applied to the input state |[+) ® |¢), where ® := ((Al, él), R (AK, éK)), po is the probability & is obtained, and Fg
is the quantum operation simulated by gDRIFT in steps 9 to 13 of Algorithm 4 whenever ® is chosen. The operation
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F3 approximates the dynamics e~*##? for the Hamiltonian

K . 10nk?
|G| (1 5 . N
Hy:= Y v > W ([cos(¢r) X — sin(¢)Y] @ I) Wi,
k:—k k jkE({071;273}n)10k2
K |G|, 0y 1)1 (10k2)\ . (10k2) | , %% 7
=Y 7 (271 (4) > (Wi ) ([cos(¢r) X — sin(¢r)Y] @ W7 | (27 @ 1)
k=i Jre({0,1,2,3}m)10k2
K ~ 0 20y el ikl(Ho+I) 01, 1ox2 —0k
e jk,10k 0 kel _jok,10k
= |Ak|Ak,10k2(€ 2 7®I) AT (41 (e T el (D35)
k=—K e e ’ 0
. se Sk 10k2 . .
By defining Ay, := A, wA" i — 1, the last line of Eq. (D35) can be rewritten as
- 0 14 Ap)eidneta (Hotl)
>l gy A (D36)
- (14 Aj)eidrei g HotD) 0
This expression can be further simplified by defining a function fg : [-1,1] = R as
k .
fo(x) =) Glge™™. (D37)
k=—K
Note that the output is real since A_, = Ajy. With this, we have
Hy+1 Hy+1
H¢X®{fk( % )+f<1>( % ﬂ (D38)
where fj(z) := Zk 5 Gt
Now, for any quantum operation F : L(H. ® H) = L(H. ® H) we define the following norm
E(F):=  sup  ||F @Iy ([9) (W]l (D39)
[p)EHQHOH'
I} l1=1
dimH’
where T3,/ is the identity operation in £(H'). Moreover, we define
Falp) 1= e~ iX@I(Ho)t poi (X (Ho))t
Fs(p) = ZP@G Hat pettlat — ZP@Q@ (D40)

P

With these definitions at hand, we can upper bound the simulation error E(Fg — F4) using Lemma 2 and similar
arguments to those presented in Egs. (C10) and (C11) as follows.

E(]:G — .7:4) < E(.F(; — ]:5) + E(]:5 — .7:4)

= sup D pelFe @ T (|9) (B]) — G @ o (|8) (1))
lp)eHQHOM || g 1
) lI=1
dim#’
o sup > _palle™ M @ D) [Y) (Y] (¢ @ T) — (e XOTHDE @ I) [9)) (] (/XD @ )]
[) EH . QHROH' 1
) l1=1
dimH’
< Zp@H]:‘I’ —Gollo + qu) sup 21 — | (] (e—i{X®(f((Ho+I)/2)—fk((Ho+I)/2)—fq>((Ho+1)/2))}t @ I) [¢) [2]H/?
PYEHQHRH'
) lI=1
dimH’
€
<3 stm (f = fr — fo)t/2) < % + qu> (F = fx) + R(fa)lt < 5 St s + Z%R folt, (DA1)
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where for any function g : [-1,1] = R, we have R(g) := 2 n[lafcl]|g(x)\.
xe|—1,

The final term ) 4 po R(fs)t in the above equation can be upper bounded as follows. First note that, for fs defined
in Eq. (D37), we have

K
R(fe) <2 Y |ékllAx]. (D42)
k=—K

Now, because the allowed error of Subroutine D5 in step 3 of Algorithm 4 is set as v/3¢/(127(3_pe_ . |éx||k])), one

can employ the Chebyshev inequality to show that the probability that |Ag| < |k|(vV3€C) /(12 (3> o2 |ékl|k|)t) for
all k£ and a fixed positive value C' > 0 is lower bounded by

I1 TP BN ii i (D43)
K2C2 ) = 2 }2Ce 302’

ke{-K,...,—1
1,..,K}
where the final equality follows from the identity Y ;- (1/k?) = 72 /6.
Independently, assuming that |Ag| < |k|(vV3eC) /(127 (> p— . |Gk||k|)t) holds for all k, it follows that the r.h.s. of

Eq. (D42) is upper bounded by (v/3Ce¢)/(67t).
Combining these two results, we have that

V3Ce 2
P > < —. D44
RO 2 25 < T (D41
Making use of the identity
S paR(f) = [ dePrlR(fa) 2 o), (D15)
5 0
we can upper bound )4 peR(fs) via
> € € € €
R(fs) < [ demin(1,———)=S45_° D46
%:m (fé)*/o xmm( 62t2x2> 6t T 3t (D46)
Finally substituting Eq. (D46) into Eq. (D41), we obtain
E(]‘-G - ]:4) S €. (D47)
Therefore,
€= E(Fe—Fu) = sup  |[try, [(Fo — Fa) @ Ly [([40) (&) Iy
V) EH - QHOH'
) []=1
dimH’
> sup |ty [(Fe — Fa) @ D ](|4) (+ @ [¢) (@])]12
|[YyEHRH'
) ]|=1
dim#’
: (D48)

which is equal to the expression in D30, as required.
2. This statement follows directly by combining the above result with Lemma 1.

3. In order to prove this statement regarding the runtime, we use Lemma 3, which shows that f defined for any
input function f of Algorithm 4 is 4-smooth.

Based on Lemmas 3 and 4, we have that 37° . |&| = O(1/K3) and 3,5 __|é.| = O(1/K?) for K > 1. Thus, the
truncation number K defined in Eq. (19) is shown to be O((t/€)}/3), as claimed. Furthermore, the runtime can be
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split into one for pre-processing stage and one for the main process as follows.

Pre-processing: For each k € {,f(, .. .,f(}, the runtime of generating (/ik,ék) is shown in Lemma 2 to be
O(k?t*n/€*). Thus, by summing this over all k, the total runtime of steps 2 to 6 in Algorithm 4 is ©(K3t3n/e3). Thus
the total runtime of the pre-processing step is O(K3t3n/e?) + T.

Main process: The average runtime of the main process in Algorithm 4 is evaluated as (num-
ber of iterations N())x(average runtime of steps 10 to 12)= N(B,t,€¢/3) x O3 ro . prnk?) =
O a2 ekl k?)t2n/e) =: ©(Cy st?n/e) (note that [Ay| > 1/2 due to steps 4 to 5 of Subroutine
D5). O
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Appendix E: QSVT-based UHET Algorithm

We will now present and analyze an alternative procedure to achieve UHET based upon a QSVT procedure. We will
finally compare this method to Algorithms 3 and 4.

1. QSVT-based UHET Algorithm (Algorithm 7)

Formally, the QSVT-based algorithm is as follows.

Algorithm 7 QSVT-based algorithm
Input:

e A finite number of queries to a black-box Hamiltonian dynamics e™#7 of a seed Hamiltonian H normalized as
|Hollop = 1 where Hy is the traceless part of H, i.e., Ho :== H — (1/2")tr(H)I, with 7 > 0

e A class C® function f: [~1,1] — R such that f*) is piecewise C? (see Appendix A 1)

e Input state ) € H

e Allowed error € > 0

e Timet >0

Output: A state approximating e~ */(H#0)* |)) (¢ > 0) with an error in terms Eq. (2) upper bounded by ¢

Runtime:

Pre-processing (only once): O((Kft’€)3)

Main Process: @((K?LE)Q/e) for Kgm depending on f, ¢, and €
Used Resources:

System: H and two auxiliary qubit Hp, H.

Gates: e™*#7 (7 > 0) and controlled-Pauli gates on £(Hp @ He @ H)

Procedure:
Pre-processing:
1: Define functions fo, f1 : [-1,1] = R as per Eq. (E2)
2: Compute cis) = f_ll dx 2sin({5) fs[cos (mx)] cos(kmz) and K2 (s € {0,1}) that satisfies

K2
2sin({5) fs[cos (mx)] — Z c](:) cos(mkx)| < O(€) (E1)
k=0
for all x € [0,1]. Note that one can recast the above bound in terms of Chebyshev polynomials T} as
Q
2sin(m/10) fs(z') — ZkKQO C;CS)Tk(a:') < O(e) for x =: (1/m)cos (') (z' € [~1,1]), as we will employ in the coming
steps.
3: Set K7, + K& + K

4: For s € {0, 1}, find gate sequence of QSVT for a (1,2, 0)-block-encoding unitary U, of Zfﬁo c,(:)Tk [cos(H®)] on |s0)(s0| €
L(Hp @ H,) using B, defined Eq. (E4) (see Fig. 13)
Main Process:
5: Initialize Ucurrent < 1
6: for s € {0,1} do
7 Construct unitary U, by replacing B; in the gate sequence for Us by the random unitary B which approximate Bs up
to an error of @(E/KfQ’t’e) (see Fig. 14)
8: Ucurrent <~ (S_s & I ® I)U;Ucurrent >S5S = ‘0) <0| + 7 |1> <1‘ is the phase gate
9: end for
10: Set Ucurrent < (HAD ® I ® I)Ucurrent(HAD @ I ® I)
11: Perform robust oblivious amplitude amplification [27] with n = 5 on the block of Ucurrent specified by [00) (00| € L(Hy @ H.)
12: Return Ucurrem(\O)®2 ® |1))
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(s)
\l/

1 Bs = ( cos H? isin H? > T

isin HY cos HY

FIG. 13. Circuit representation of Bs.—The circled number in the controlled qubits means that the unitary on the target qubit is applied
if the control qubit is that state and otherwise identity is applied.

Begin by defining functions fy and f; as

fo,-(a:)< ) } (0<z<i)
~ Jcos|f HCOSTF M@ g\ (% <z< 73)
o) for (@) (L <x<)
fo(—x) (-1<z2<0)
I
_Jsin[r (2@ 3) ] (L <a <)
i) = fis(x) (L<z<1)’ =
fi(=z) (-1<z<0)

where fo _, fo.+, f1,—, f1,+ are any functions that are infinitely differentiable on their domains and lead to fy and f;
such that

L. 2sin({5)fo(w) and 2sin({5)f1(z) is bounded in [~1,1] for all € [~1,1]. This ensures that they can be
constructed using QSVT (in particular, using the technique presented in Theorem 10 of Ref. [28]).
n n - n + n - n n _
2. fET) = fAT), FERT) = fL ), and £V (0F) = £ (17) =0 for s € {0,1} and n € {0,1,...,J —
1} for any integer J > 4.

The Hamiltonian H? in step 4 is defined as

H 1
HO — %_ (E3)

The functions fy and f; are defined in such a way that
fo(cos H?) —ify(cos H?) = ¢~/ (Ho)t,

Furthermore, as we discuss in more detail below, fy and f; are implementable via QSVT. Since the runtime of QSVT
scales polynomially on the cutoff number K%, the functions fo(z) and f;(x) are chosen to be class C® in 2 € [~1,1] so

that the sum in Eq. (E1) converges rapidly to 2sin(Z) fs(cos(wz)) and K& scales slowly with e.

With respect to the above Hamiltonian, the unitary By in step 4 is defined as

cos(H?) isin(H®)

b=l <z’sin(HQ) cos(H) >+|S> eletet =

See Fig. 13 for its circuit representation.
By defining the following function for s, s. € {0,1} and unitary U
ctrla[U, (8p, Sc)] := [T — ([spSe)(SpSc])] @ I + |spSc)(SpSc| @ U, (E5)
the unitary B, can be expressed as
B, =(I ® HAD @ Ictrla[e % (s, 1)]ctrla[e™, (s,0)]( ® HAD ® I). (E6)

The operator ctrlg[eiiHQt, (sp,5.)] can be constructed from e*** via double controlization [16], which makes use

of gDRIFT. In this way, the unitary Bs can be approximated by the circuit shown in Fig. 14.
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B, |- = 4 HAD

{(1/4m)?, (vi, v2)} {(1/4m)2, (v3,v3) }

FIG. 14. Definition of Bg.—ct:rlz(e:‘”‘H(—”)t7 (sp, sc)) in Fig. 13 is replaced by its approximation by controlization.

In summary, the Algorithm 7 simulates the dynamics e ~*/(H0)t by the following steps.

i double controlization iH® Eq. (E4)
I®I® et z ctrly[eFH 7 (5, 5.)] ———

COS HQ 7 8in HQ o QSVT & post-application of (SfS@I@I)
Bs =1s) (s| ® +15) (5| @IT®I
s =) (sl (isinHQ cosHQ> 15) 451
2sin(75) fo(cos H?) - 0
pre- and post-application of HAD®I®T
0 —2isin({5) f1(cos H?) -
sin(Z)e~tf (Ho)t ... e~ if(Ho)t o 0 0
B b Shivigee, 0
amplitude amplification (E?)
0
0

The leftmost column and the top row of the final matrix in Eq. (E7) is filled with 0 except for the top-left block
because both ¢/ (Ho)t and the entire matrix are unitary.

The procedure of Algorithm 7 ensures that the approximation error of simulating e~ (Ho)t jg O(¢). There are
two sources of errors in the overall procedure: the error due to the approximation in Eq. (E1) and that due to the
approximation of By by the circuit given in Fig. 14. The former error is O(e) by definition and the latter is upper
bounded by (approximation error of B.) x (number of queries to B.) = @(e/th76) X K](?,t’e = O(e). Thus, the sum
of these errors is O(e).

The runtime of the main process is asymptotically proportional to (runtime of approximating B.) X
(number of queries to B)) = G(K?’t’e/e) X K?’m = @((K]?t,e)2/€) (indeed, the total runtime of gates other than
B! grows slower than (KJ%Q2 /e and can thus be ignored). Moreover, the runtime for the pre-processing step of
Algorithm 7 is O( (th)e)?’), which can be evaluated by noting that obtaining the gate sequence for QSVT implementing

a function of polynomial of degree d takes O(d?) runtime [35].

2. Algorithm Comparison

We now compare the runtimes of the three algorithms: Algorithm 3 (uncompiled), Algorithm 4 (compiled), and
Algorithm 7 (QSVT-based). The runtimes of the pre-processing and the main processes are summarized in Table II.

Pre-processing: Rigorous comparison of pre-processing runtimes is difficult in general due to difficulty in analyzing
the time T3 and Ty. Nevertheless, the runtime for Algorithm 4 increases more rapidly in terms of € and n than that of
Algorithm 7 because KJQQ}M does not depend on n and its € dependence is given by KJ;QJ’6 = O(1/€*/3) (this can be
seen by considering that f(z) defined in Eq. (E2) is 4-smooth and applying the result of Lemma 4, and subsequently
noting that K¢, , = K¢ + Kp).
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Pre-processing Step | Main Process
Algorithm 3 T O(Cs,5t*n/e?)
Algorithm 4| O(K3t3n/e) + Ty | ©(Cy, ft2n/e)
Algorithm 7| O((KZ,.)%)  |O((KZ,.)%/¢)

TAB. II. Comparison of runtimes of Algorithm 3 (uncompiled), Algorithm 4 (compiled), and Algorithm 7 (QSVT-based).—The times T3
and T} refer to the total classical computation time for computing the Fourier coefficients and the values N() and NU) in Algorithms 3
and 4 respectively. C3 y and Oy ; refer to function-dependent constants in Algorithms 3 and 4 respectively. The value Kjgt,e depends on
the function f, the time ¢, and the allowed error e.

Main Process: The main process scaling coefficients for Algorithms 3 and 4

Csp = < i |&k|>3< i |6k|k2> and Cyj:= ( i |5k|> ( i |ék|k2> (E8)

k=—0o0 k=—o0 k=—o0 k=—o0

depend only on the function f and not on n, t, and €. In terms of ¢ and ¢, the runtime of Algorithm 4 scales slower
than that of Algorithm 3. Furthermore, both algorithms are linear in terms of n. Therefore, it follows that compilation
reduces the runtime of the main process. For completeness, the explicit value of Cy s is calculated in the proof of

Theorem 3. In contrast, the scaling coefficient for the main process of Algorithm 7, Kﬁtﬁ, depends on f, t, and
€, and its explicit expression is difficult to obtain in general. Nonetheless, below we show that for some class of
functions, th’é depends on the allowed error € as Q(1/¢2/?). Moreover, we show that a larger class of functions
satisfies KJC;? = Q(1/e?) for some 0 < ¢ < 2/9. Also, since K& are the cutoff numbers to used to approximate
functions 2 sm( o) fslcos(mz)] via its Fourier series and fs(x) oscillates with frequency proportional to ¢ in the range
x € [1/2 v/3/2] as can be seen from Eq. (E2), it is expected that Kf e = K(? + K9 increases as t grows. The scaling

of K¢ f1,e can be obtained as an instance of the following lemma.

Lemma 8. For a periodically 4-smooth function g : [—1,1] — R, the following inequality is a necessary condition for
gk (x) :== ZkK:_K cre~ kT (ch. are Fourier coefficients of g) to satisfy |g(z) — gr(z)| < € for all x € [~1,1]:

—K-1 0
Sl Y lak<e (9)
k=—o00 k=K+1

Proof: fildz lg(z) — gr(z)]? < 262 is a necessary condition of |g(x) — gx(x)] < € for all z € [-1,1]. Due to

Parseval’s identity, f_ll dzlg(z) — gre (@)]2 = 20020 Jew? + 302 k41 lcxl?], thus Eq. (E9) is a necessary condition of
lg(z) — gr (x)] < € for all xz € [—1,1]. O

Assuming that f is strictly periodically J-smooth, fy and f; in Eq. (E2) can also be defined to be strictly periodically
J-smooth, thus th,€ satisfies K?’t’6 = Q(1/e*/27+D)) by Lemma 4. In some cases, e.g., when f* has some jump
(i.e., non-removable) discontinuities, f becomes strictly periodically 4-smooth, and thus for some class of function f,
KJ?, . = Q(1/€2/9) holds.

We can now compare the scaling of runtimes of all three algorithms in terms of e. For any class of functions f such
that K?’t,e scales as ©(1/e?) (0 < ¢ < 2/9), the runtime scaling of Algorithms 3, 4, and 7 in terms of ¢ behaves as
O(1/e3), ©(1/¢), and Q(1/e'*24), respectively. By noting that the ¢ dependence of the runtime of Algorithm 7 is

O(1/€°/3) due to the relation K]C?,t’E = O(1/€'/3), the hierarchy presented in Eq. (21) follows.

Finally, we describe two technical factors that make Algorithm 4 more efficient than Algorithm 7 in terms of €
dependence.

Efficient inputting of high-frequency terms: QSVT requires d queries in total to the block-encoding unitary
and its inverse when implementing a polynomial function of degree d. Consequently, the runtime of the main process
of Algorithm 7 increases proportionally to the total cutoff number K9 f1,e Wwhich gets larger as the precision increases.
On the other hand, the runtime of the main process of Algorithm 4 has no explicit dependence on the cutoff number
K. This feature is enabled because the information of Fourier coefficients ¢ is input by random sampling according
to the magnitude of ¢x. As can be seen from the step 12 of Algorithm 4, applying unitaries corresponding to high
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frequency (i.e., large k) requires ©(k?) runtime and is an obstacle in reducing the total runtime in general. Fortunately,
such high-frequency terms ¢, for larger k typically have smaller magnitude |é;| than their low-frequency counterparts,
and therefore costly unitaries (i.e., for large k) are rarely chosen. Moreover, the average runtime of one iteration (steps

10 to 12 of Algorithm 4) given by @[(Zf:_j{ \5k|k2)/(ZkK:_K |éx)] is tailored to converge in the limit K — oo by

modifying input function f to a periodically smooth function f with rapidly converging Fourier coefficients, and thus
has no dependence on K.

Iteration number in controlization procedure is independent of e: In Algorithm 7, the allowed error of
ctrl(e ) for making B’ is proportional to 1/KQ because B’ and its inverse is called KQ . times in total and the
error accumulates with each query. Since the 1terat10n number of Controhzatlon increases Wlth 1ncreasmg accuracy, the
runtime of main process of Algorithm 7 gains an additional dependence on K9 Fe which in turn depends upon €. This
same logic holds for Algorithm 3. On the other hand, the iteration number 10k? of controlization in Algorithm 4 is
independent of N) and consequently on € due to compilation, and thus the controlization does not introduce any
additional ¢ dependence.
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