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ADVANTAGES OF SEQUENTIAL AND INDEFINITE CAUSAL ORDER STRATEGIES

UNITARY CHANNEL DISCRIMINATION BEYOND GROUP STRUCTURES:



THE TASK: 
MINIMUM-ERROR CHANNEL DISCRIMINATION



CHANNEL DISCRIMINATION

INPUT:



CHANNEL DISCRIMINATION

INPUT:

CANDIDATES: , ,eC1
eC2

eC3



PROMISSE:

INPUT:

=

p1 p2 p3

= , = ,

CHANNEL DISCRIMINATION

CANDIDATES: , ,eC1
eC2

eC3

eC1
eC2

eC3



STRATEGY

ONE
 CO

PY!



STRATEGY

⇢ONE
 CO

PY!



⇢ M ˜
ONE

 CO
PY!



⇢ M˜in out

aux

ONE
 CO

PY!



it’s blah!

⇢ M˜ONE
 CO

PY!

in out

aux



it’s blah!

⇢ M˜ONE
 CO

PY!

psucc = p1 p(1| eC1, ⇢,M) + p2 p(2| eC2, ⇢,M) + p3 p(3| eC3, ⇢,M)

in out

aux



it’s blah!

⇢ M˜ONE
 CO

PY!

psucc = p1 p(1| eC1, ⇢,M) + p2 p(2| eC2, ⇢,M) + p3 p(3| eC3, ⇢,M)

=
NX

i=1

pi Tr[( eCi ⌦eI)(⇢)Mi]

in out

aux



it’s blah!

⇢ M˜ONE
 CO

PY!

P := max
⇢,{Mi}

NX

i=1

pi Tr[( eCi ⌦eI)(⇢)Mi]

psucc = p1 p(1| eC1, ⇢,M) + p2 p(2| eC2, ⇢,M) + p3 p(3| eC3, ⇢,M)

=
NX

i=1

pi Tr[( eCi ⌦eI)(⇢)Mi]

in out

aux



⇢ M

in out

aux

˜

HIGHER-ORDER OPERATIONS: TESTERS



⇢ M

in out

aux

˜

HIGHER-ORDER OPERATIONS: TESTERS



⇢ M

T

=

in out in out

aux

˜˜

[1] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 060401 (2008), arXiv:0712.1325 [quant-ph] 
[2] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 180501 (2008), arXiv:0803.3237 [quant-ph] 
[3] M. Ziman, PRA 77, 062112 (2008), arXiv:0802.3862 [quant-ph]

HIGHER-ORDER OPERATIONS: TESTERS



T

˜

[1] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 060401 (2008), arXiv:0712.1325 [quant-ph] 
[2] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 180501 (2008), arXiv:0803.3237 [quant-ph] 
[3] M. Ziman, PRA 77, 062112 (2008), arXiv:0802.3862 [quant-ph]

HIGHER-ORDER OPERATIONS: TESTERS



T

˜ T = {Ti} :

Ti � 0
X

i

Ti = �in ⌦ Iout

Ti 2 L(H in, out)

[1] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 060401 (2008), arXiv:0712.1325 [quant-ph] 
[2] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 180501 (2008), arXiv:0803.3237 [quant-ph] 
[3] M. Ziman, PRA 77, 062112 (2008), arXiv:0802.3862 [quant-ph]

HIGHER-ORDER OPERATIONS: TESTERS



⇢ M

T

=

in out in out

aux

˜˜

HIGHER-ORDER OPERATIONS: TESTERS

Ti = Traux
⇥
(⇢in,aux ⌦ Iout)(Iin ⌦ (Maux,out

i )Tout)
⇤

()

Ti � 0,
X

i

Ti = �in ⌦ Iout



⇢, {Mi} {Ti}

HIGHER-ORDER OPERATIONS: TESTERS

⇢ M

T

=

in out in out

aux

˜˜



T = {Ti} :T

˜ Ti � 0
X

i

Ti = �in ⌦ Iout

Ti 2 L(H in, out)

P = max
{Ti}

X

i

pi Tr(Ci Ti)

HIGHER-ORDER OPERATIONS: TESTERS

SDP



TWO COPIES





⇢ M M⇢⇢ M
˜ ˜

eE



⇢ M M⇢ E

TPAR

T SEQ

˜ ˜



⇢ M M⇢ E

PARALLEL SEQUENTIAL

⇢, {Mi} {TPAR
i } {T SEQ

i }

TPAR

T SEQ

˜ ˜

⇢, eE, {Mi}



⇢ M M⇢ E

PARALLEL SEQUENTIAL

TPAR

T SEQ

˜ ˜

ALSO CHARACTERISED BY SDP CONSTRAINTS 



⇢ M M⇢ E

PARALLEL SEQUENTIAL

TPAR

T SEQ

˜ ˜

P SEQ = max
{TSEQ

i }

X

i

pi Tr
⇣
C⌦2

i T SEQ
i

⌘
PPAR = max

{TPAR
i }

X

i

pi Tr
�
C⌦2

i TPAR
i

�



GENERAL TESTERS



GENERAL TESTERS

‣ Extracting probability distributions from channels:



GENERAL TESTERS

‣ Extracting probability distributions from channels:

The most general bilinear function                                   that  
extracts valid probability distributions from a pair of Choi states of quantum 

channels                                         and                                         is 

where                                                                                               a                                                                                         
is a general tester.
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SEMIDEFINITE PROGRAMMING (SDP) & COMPUTER-ASSISTED PROOFS
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STRICT HIERARCHY BETWEEN DISCRIMINATION STRATEGIES
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FOR BOTH ENSEMBLES OF UNITARY AND NON-UNITARY CHANNELS
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UNITARY CHANNELS: 

• for N=2 candidates and any finite number of copies k, PAR = SEQ.     [1]. 

• for a set of N unitaries that form a group, and any finite number of copies k,. 
                           [1]. 

• no known advantage of sequential strategies.

PPAR = P SEQ.

PPAR = P SEQ.

[1] G. Chiribella, G. M. D’Ariano, and P. Perinotti, PRL 101, 180501 (2008), arXiv:0803.3237 [quant-ph]
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SKETCH OF PROOF:  explicit construction of parallel tester that attains the 
same probability of success as each general tester, when applied to a 
unitary group.
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BOUND ATTAINED BY GROUPS OF UNITARIES THAT FORM A k-DESIGN



RESULT 4: ABSOLUTE UPPER BOUND

SKETCH OF PROOF:  analytically exhibit a feasible point in the dual 
problem of the maximal probability of discrimination attained by general 

strategies; this induces an upper bound for all strategies.
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SWITCH-LIKE STRATEGIES • ensemble:  
• number of candidates: N 

• number of copies: k

{pi, Ui},

However, there are advantages for k=2 and non-unitary channels

SKETCH OF PROOF: exhibit sequential strategy that attains same probability of success  
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CONCLUSIONS

• Unified tester formalism that includes indefinite-causal-order strategies and 
method for computer-assisted proofs based on SDPs. 

• Parallel strategies are indeed optimal for discrimination unitaries that form a 
group with uniform probability distribution. 

• Strict hierarchy between discrimination strategies for unitary channels. 

• Absolute upper bound for maximal probability of success with any conceivable 
strategy. 

• Switch-like strategies not useful for N unitaries with k copies and any probability 
distribution.
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COMPUTER-ASSISTED PROOF

Example: how to create a “valid” channel 

• Take numerically imprecise matrix  C from the solution of an SDP 

• Truncate C and define C \to (C + C’)/2 

• Project C onto the subspace of valid channels, C \to L(C) 

• Find coefficient eta such that C \to eta*C + (1-eta)*1 >=0 

• Output C \to d_O C/trace(C)

C

C 7! C + C†

2
C 7! L(C)

C 7! ⌘C + (1� ⌘)I � 0

C 7! dI
C

Tr(C)

⌘


